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VOLTERKA INTEGRAL EQUATIONS AND 
FRECHET DIFFERENTIALS
INTRODUCTION
In Chapter 1 we w i l l  be  concerned w ith  the  n o n l in e a r  V o l t e r r a  i n ­
t e g r a l  eq u a t io n ,
( E [ f ,g ] )  x ( t )  = f ( t )  + / ^ g ( t , s , x ( s ) ) d s ,
where f ,  g and x  a re  f u n c t io n s  whose d e f i n i t i o n s  w i l l  be made p r e c i s e  in  
the  theorems t h a t  fo l lo w . In  p a r t i c u l a r ,  v a r i a t i o n a l  eq u a t io n s  f o r  E [ f ,g ]  
w i l l  b e  found by computing th e  F ré c h e t  d i f f e r e n t i a l  o f  th e  s o l u t i o n  of 
E [ f ,g ]  w ith  r e s p e c t  to  th e  fu n c t io n s  f  and g. We w i l l  fo l low  th e  work 
of B l i s s  [ 2 ] ,  who c a r r i e d  o u t  the  same program f o r  o rd in a ry  d i f f e r e n t i a l  
e q u a t io n s .
In  Chapter 2 we w i l l  s tu d y  c e r t a i n  s o lu t io n s  o f  th e  i n t e g r a l  
eq u a t io n
( E [ f ,k ,g ] )  x ( t )  = f ( t )  + / Q k ( t , s ) g ( s , x ( s ) ) d s
which e x i s t  on t h e  i n t e r v a l  [ 0 ,» ) .  An i m p l i c i t  f u n c t io n  theorem  of  
H ild e b ra n d t  and G raves, [8] ,  w i l l  be  used  to  e s t a b l i s h  th e  e x i s t e n c e ,  
un iqueness  and F ré c h e t  d i f f e r e n t i a b i l i t y  o f  th e se  s o l u t i o n s .  As a r e s u l t ,  
th e se  s o lu t i o n s  w i l l  p o sse ss  a  s t a b i l i t y  p ro p e r ty  w i th  r e s p e c t  to  changes 
in  th e  fu n c t io n  f .  The Banach and Schauder-Tychonoff f ix e d  p o i n t  theorems 
w i l l  be  used to  e s t a b l i s h  e x i s t e n c e  and s t a b i l i t y  o f  s o lu t i o n s  o f  p e r ­
tu rbed  eq u a t io n s  co rrespond ing  to  E [ f , k , g ] .  A lso , a n o n l in e a r  v a r i a t i o n  
of c o n s ta n ts  form ula w i l l  be p r e s e n te d .
1
CHAPTER 1
DIFFERENTIABILITY OF SOLUTIONS OF 
VOLTERRA INTEGRAL EQUATIONS
1 . N o ta t io n  and c o n v e n t io n s . Let R deno te  th e  s e t  of r e a l  num­
b e rs  and R^ = { x  = x ^ ) ; x^(: R f o r  i  = 1 , . . . ,  n}. The symbol
| a |  w i l l  mean th e  a b s o lu te  v a lu e  o f  th e  r e a l  number a and i f  x € r” , 
th e  norm o f  x i s  d e f in e d  to  be  | | x | |  = Z ^ _ ^ |x ^ | .  I f  A = [a^^] i s  an 
n  X n m a t r ix  w ith  r e a l  e le m e n ts ,  d e f in e  th e  norm of A by | | a | | =
I ?  . Z? 1 l a .  .1 .  I f  B = [ b . , ]  i s  an n X n m a t r ix  fu n c t io n  d e f in e d  on a 
1=1 ]=1  ' i j  ' i ]
s e t  U w ith  r e a l  va lued  fu n c t io n s  a s  e le m e n ts ,  then  B(u) denotes  th e  
n X n m a tr ix  [ b ^ j ( u ) ] .  Thus, th e  meaning o f  th e  symbol | | b ( u ) | |  i s  
Zj_^ |b ^ j ( u ) |  . L e t D C R X be a domain (connected open s e t )  
and r e p r e s e n t  e lem ents  o f  D by ( s ,x )  where s 6 R and x 6 r ” . L e t  I  = 
[ a ,  a  + p] be a  nondegene ra te  c lo se d  i n t e r v a l  o f  r e a l  numbers. We con­
s i d e r  I  and D to  be  f ix e d  th ro u g h o u t Chapter 1 .  I f  f  : I  -»■ R^ and
g: I  X D -> r” , d eno te  t h e i r  r e s p e c t i v e  component fu n c t io n s  by f ^  and
f o r  i  = 1 , . . . ,  n .  We w i l l  u se  th e  symbol g^ to  r e p re s e n t  th e  n x n ma­
t r i x  f u n c t io n  [3 g ^ /3 x ^ ] ,  w here i  i s  th e  row index  and j  i s  th e  column 
index . L et
(1 .1 .1 )  C ( I , r’̂ ) = { f :  I  +  R*; f  i s  con tinuous on I } ,
(1 .1 .2 )  C(I X D,R^) = { g: I  X D -»■ R^; g i s  con tinuous on I  x D} 
and
( 1 .1 .3 )  BC^(I X D ,r" )  = { g :  I  X D ->■ R°; g^ e x i s t s  and g^ and
3g^/3Xj a r e  bounded and con tinuous  on I  % D}.
The s e t s  C(I,R^) and BC^(I x D,R*^) become Banach spaces upon i n t r o ­
ducing th e  fo l lo w in g  norms:
(1 .1 .4 )  I | f |  I = sup { | | f ( t ) | | ;  t  e  I } ,
and
( 1 .1 .5 )  I | g | | ^  = sup { | | g ( t , s , x ) | I  ; ( t , s , x )  e. I  X D}
+ sup { 1 [ g ^ ( t , s , x )  I I ; ( t , s , x ) e  I  x d} 
where f  6 C ( I , r " )  and g e  BC^(I x D ,r” ) .
I f  X and Y a r e  Banach spaces  and (x ,y )  e  X x Y, d e f in e  th e  norm o f  (x ,y )  
by I I ( x ,y ) I I  = | | x | |  + | | y | | ,  where | | x | |  and | | y | |  a r e  th e  r e s p e c t iv e  
norms o f  x € X and y € Y. I t  i s  w e l l  known t h a t  X x Y i s  a  Banach s p a c e
w ith  th e  above d e f i n i t i o n  o f  th e  norm. I f  F: X -»■ Y i s  a bounded l i n e a r
o p e r a to r ,  deno te  th e  norm (uniform ) o f  F by | | F | | .
I f  X i s  a  member o f  a  Banach sp ace ,  then  B(x ,5) r e p r e s e n t s  th e  
open b a l l  of r a d iu s  5 c e n te re d  a t  x .  L e t  A be th e  c lo s u r e  of th e  s u b s e t  
A of a Banach sp ace .
A s o lu t i o n  o f  the  i n t e g r a l  e q u a t io n ,
(E { f ,g ] )  x ( t )  = f ( t )  + / ^ g ( t , s , x ( s ) ) d s ,
i s  d e f in e d  to  be  a con tinuous  fu n c t io n  Ç w ith  domain [ a , b ] , ( a < b ) , 
such t h a t  ( t , s , Ç ( s ) )  i s  i n  th e  domain o f  g fo r  a  < s ^ t  $ b and
Ç(t)  = f ( t )  + / ^ g ( t , s , Ç ( s ) ) d s .
2 .  P re p a ra to ry  r e s u l t s . Two theorems o f  Sato [13] w i l l  be  
s t a t e d  s in c e  they  w i l l  be used in  th e  s e q u e l .
THEOREM 1 .2 .1  (S a to ) .  L e t  f  e C ( I , r " )  ^  A(a + p , f , b )  =
{ ( t , s , x ) ;  X 6 r ” , a  < s < t  < a  + p and | |x  -  f ( t ) | | <  b (b  > 0 )} .
Suppose g: A(a + p , f  ,b) -+ R^ i ^  c o n t in u o u s . Then E [ f ,g ]  has a t  l e a s t
one s o lu t i o n  d e f in e d  on [ a , a  + a ] , where a  = min { p,b/M} and
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M «= sup { 1 l g ( t , s , x )  11 ; ( t , s , x )  6 A (a  + p , f  , b ) } .
F u r th e rm o re , I f  t h e r e  e x i s t s  ^  n o n -n e g a t iv e  r e a l  number L such
t h a t  i f  ( t , s , x )  and ( t , s , y )  belong tn  A(a + p , f , b )  then  
(1 *2 . 1 ) | | g ( t , s , x )  -  g ( t , s , y ) | | <  L | | x  -  y | | ,
th e n  E [ f , g ]  has a  un ique  s o l u t i o n .
THEOREM 1 . 2 .2  (S a to ) .  ^  f  « C ( I , r“ ) ^  g e C (I  x D,r” ) .  I f  
£  s o l u t i o n , Ç, o f  E [ f ,g ]  e x i s t s  on [ a . t g j / a  < t ^  < a + p ) , th e n  th e r e
i s  an  e > 0 such t h a t  Ç d e f in e d  on [ a , t g  + e ] .
LEMMA 1 .2 .1 .  L e t f °  € C ( I , r " )  ^  g ° €  C(I x D ,r” ) assume 
t h a t  E [ f ° , g ° ]  has  ^  s o l u t i o n , d e f in e d  on I .  Then t h e r e  i s  ^  6 > 0 
such  t h a t  i f  ( f , g )  be longs  to  B ( f ° ,ô )  x c ( I  x D ,r” ) , th en  E [ f , g ]  has 
£  s o l u t i o n .
S in ce  Ç°: I  -> R^ i s  a  s o lu t i o n  o f  E [ f ° , g ° ] ,  i t  f o l lo w s  t h a t
g r(Ç °)  = { ( s , Ç ° ( s ) ) ;  s e 1} C D. In  p a r t i c u l a r ,  ( a , f ° ( a ) )  t  D. S ince  
D i s  open , th e r e  e x i s t s  a  g > G such t h a t  B (a ,g )  x B ( f ° ( a ) , g )  C D.
D ef in e  a  r e a l  va lu ed  fu n c t io n  h on I  by h ( t )  = g/3 -  | | f ° ( t )  -  f ° ( a ) ] |
and o b se rv e  th a t  h i s  c o n t in u o u s .  I f  h has  a  zero  on I ,  l e t  t ^  b e  th e
s m a l l e s t  one; o th e rw is e ,  s e t  t ^  = a  + p .  A lso ,  observe  t h a t  0 < h ( t ) ^  
g /3  on so  t h a t  | | f ° ( t )  -  f ° ( a ) |  | < B/3 on [ a , t g ) .
L e t  T = min { t^  -  a , g /3 } .  I t  w i l l  be  v e r i f i e d  t h a t  A (T ,f ° ,g /3 )  =
{ ( t , s , x ) ;  s ^  t ^  T, | | x  -  f ° ( t ) | | <  g /3} i s  c o n ta in ed  i n  I  x D.
I f  ( t , s , x )  € A ( T , f ° ,g /3 ) ,  th e n  t e l ,  | s  -  a |  ^ T< g/3 and | | x  -  f ° ( t ) | |
< 3 /3 .  I t  fo l lo w s  t h a t  | | x  -  f ° ( a ) | | < | | x  -  f ° ( t ) | |  + | ] f ° ( t )  -  f ° ( a ) | |
< 2 g /3  < g. Hence, ( t , s , x )  t l x  B (a ,g )  x B ( f ° ( a ) ,g )  C I  x D, and so 
A ( T ,f ° ,g /3 )  C I  X D.
I f  f  €  B ( f ° ,g / 3 ) ,  th en  the  s e t  A (T ,f ,g /3 )  i s  a l s o  i n  I  x D. F o r ,  
a s  b e f o r e ,  i f  ( t , s , x )  6 A ( T , f ,g /3 ) ,  th en  t e  I ,  | s  -  a | <  T < g/3  and
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I | x  -  f ( t ) |  I ^ 6 /3 ,  and | | x  -  f ° ( a ) 1 1 ^  | | x  -  f ( t ) | |  + | | f ( t )  -  f ° ( t ) | |
+  I | f ° ( t )  -  f ° ( a ) 11 ^ 6 /3  + 6 /3  +  6 /3  = P. C onsequen tly ,  ( t , s , x )  6 
I  X B ( a ,6) X B ( f ° ( a ) , 6 ) and so A (T ,f ,6 /3 )  C  I  x D.
With ( f , g )  €  B ( f ° ,6 / 3 )  X C(I x D ,R ^), an a p p l i c a t i o n  o f  Theorem 
1 .2 .1  y i e ld s  th e  e x i s t e n c e  o f  a  s o l u t i o n  o f  E [ f ,g ]  d e f in e d  on some su b -  
i n t e r v a l  o f  I .  The r e s u l t  fo l lo w s  on s e t t i n g  6 e q u a l  to  6 /3 .
I f  g° £  C(I X D,R^) and 6 i s  a  p o s i t i v e  r e a l  number, d e f in e  V (g ° ,6) 
a s  { g 6 0(1 X D,R^); sup { | | g ( t , s , x )  -  g ° ( t , s , x ) | | ; ( t , s , x )  e I  x D }< 6}.
THEOREM 1 .2 .3 .  ^  g° e  C (I  x d , r" )  s a t i s f y  ( 1 .2 .1 )  on I  x D
w ith  L > 0. Assume t h a t  f °  e C (I ,R ^) and t h a t  E [ f ° , g ° ]  has  £  s o l u t i o n ,  
d e f in e d  on I .  Then f o r  each  e > 0 th e r e  i s  a  6 > 0 ,  such t h a t
i f  ( f , g )  be longs  to  B ( f ° , 6^) x V ( g ° ,6^ ) ,  then  E [ f , g ]  has  a  s o l u t i o n ; 
and i f  Ç a_ s o l u t i o n  o f  E [ f , g ] ,  then  Ç d e f in e d  on I  and Ç £
B (Ç °,e) C 0 ( 1 , r" ) .
Let e > 0 be  f i x e d .  As g r(Ç °)  c  p, th e  d i s t a n c e  between th e  s e t s  
3D, th e  boundary o f  D, and g r (Ç ° )  i s  p o s i t i v e ,  p ro v id ed  3D i s  n o t  empty. 
L e t  6°  be l e s s  than  t h i s  d i s t a n c e  and a lso  l e s s  th a n  e .  D efine  a 
neighborhood o f  g r(Ç °)  i n  D by N (Ç °,6° )  = { ( s , x ) ;  a ^  s < a  + p ,
I | x  -  Ç ° ( s ) | |  < 6°} .  I f  3D i s  empty, then D = R^ ^  so  t h a t  i n
e i t h e r  case  th e r e  i s  a  6°> s a t i s f y i n g  0 < 6° < e ,  su ch  t h a t  I  x n ( Ç ° ,6°)
C I  X D.
I t  fo l lo w s  from Lemma 1 . 2 .1  t h a t  th e re  i s  a 6 such  t h a t  i f  
( f , g )  € B ( f ° ,5 )  X V ( g ° ,5 ) ,  th e n  a t  l e a s t  one s o l u t i o n  o f  E [ f ,g ]  e x i s t s .  
L e t  6^ = min { 6 ,6 ° L / [2 ( (1  + L)exp(pL) -  1 ) ] } ,  where L i s  th e  L i p s c h i t z  
c o n s ta n t  o f  ( 1 . 2 . 1 ) ,  and suppose t h a t  ( f , g )  i s  f ix e d  i n  B ( f ° ,5 ^ )  x
V (g ° ,6^ ) .  I f  Ç i s  a s o l u t i o n  o f  E [ f , g ] ,  l e t  T = sup { t e  I ;  Ç e x i s t s  on
[ a , t ] } .  We w i l l  show t h a t  Ç i s  d e f in e d  a t  T and t h a t  T = a  + p .
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I f  T < a + p ,  th e n  f o r  t  6 [ a ,T )  we have t h a t ,
I U ( t )  -  Ç ° ( t ) | U  l | f ( t )  -  f ° ( t ) | |
+  | g ( t , s , ç ( s ) )  -  g ° ( t , s , Ç ( s ) )  I [ds
+  / ^ |  | g ° ( t , s , ç ( s ) )  -  g ° ( t , s , Ç ° ( s ) )  I |ds 
< -  a )  + l / | U ( s ) -  S ° ( s ) | | d s .
An a p p l i c a t i o n  o f  th e  G ronwall-Reld I n e q u a l i t y  y i e l d s
(1 .2 .2 )  l | ç ( t )  -  Ç ° ( t ) ! U  « g [ ( ( l  + L)exp(pL) -  1 ) /L ]  < B°/2 < f  < e 
f o r  t  e  I a , T ) .
C onseq u en tly ,  gr(Ç) I s  con ta in ed  I n  t h e  compact s e t  N ( g ° ,g ° /2 ) .
I t  w i l l  be e s t a b l i s h e d  t h a t  11m C(t) e x i s t s .  We n o te  th a t
t  +  T-
f  i s  u n ifo rm ly  con tinuous  on I  and t h a t  g i s  u n ifo rm ly  c o n t in u o u s  on
I  X N ( g ° ,g ° /2 ) .  Let f  > 0 be f i x e d .  T h e re . I s  a  5 such t h a t  I f
tg  < 0 < T - t ^ <  6^ and 0 < T -  t ^  < 5^, th e n  | | f  ( t^ )  -  f  ( t ^ )  11 < €/3
and | | g ( t ^ , s , 5 ( s ) ) -  g ( t 2 , s , S ( s ) ) | |  < f / [ 3 ( T  -  a ) ] .  A lso, s e l e c t
6^ <  é/I2(3M  + 1)] w here M = sup { I | g ( t , s , x )  ] I ; ( t , s , x )  e I  x N (Ç °,g° /2 )  }.
Then I t  fo l lo w s  t h a t ,
lU(t^) - ç(t2)|U ||f(ti) - fctg)!!
+ I | g ( t ^ , s , Ç ( s ) )  -  g ( t 2 , s , Ç ( s ) ) |  |ds
+ / J l  I | g ( t ^ , s , Ç ( s ) ) I | d s .
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As a  r e s u l t  we have t h a t
(1 .2 .3 )  l l S ( t i )  -  S ( t 2 ) | | <  € / 3 +  €(X -  a ) / l 3 ( T  -  a ) ]  + M é /I3 M +  1] < f .
Hence, 11m Ç (t)  e x i s t s  by Cauchy’ s c o n d i t io n  f o r  convergence, 
t  -»■ T -
L e t  Ç(T) be d e f in e d  as 11m Ç ( t)  and n o te  t h a t  (T ,g (T ))  t
  o 0 t  + T-
N(Ç ,3  / 2 )  C. D. A lso , f o r  a<  t  < T, I t  fo l lo w s  t h a t ,
l lS (T )  -  f (T )  -  ; l  g ( T , s , G ( s ) ) d s | | <  I |C(T) -  G ( t ) | |  +  | | f ( t )  -  f ( T ) | |
+  / ^ |  | g ( t , s , ç ( s ) )  -  g ( T , s , ç ( s ) )  I |d s  
+  / J l  l g ( T , s , Ç ( s ) ) |  |d s .
That th e  r i g h t  hand s i d e  o f  th e  above i n e q u a l i t y  i s  a r b i t r a r i l y  sm a l l  
f o r  11 -  T| s u f f i c i e n t l y  s m a l l ,  fo l lo w s  by th e  same type o f  e s t im a te s  
used  to  o b ta in  ( 1 .2 . 3 ) .  C onsequen tly ,  g i s  a  s o lu t i o n  of E | f ,g J  on 
I a , T ] ,  By Theorem 1 , 2 .2 ,  Ç may be ex tended  to  th e  r i g h t  o f  T. T h is  
c o n t r a d i c t s  th e  d e f i n i t i o n  o f  T. Hence, T = a  + p and so g i s  a 
s o l u t i o n  of E%f,g] on I .  S ince  th e  i n e q u a l i t y  (1 .2 .2 )  a l s o  ho lds  
w i th  t  = T, i t  fo l lo w s  t h a t  Ç 6 B (Ç ° ,e ) .
I n  th e  p roo f  o f  th e  above theorem  i t  was shown t h a t  i f  n° €. C ( I , r ” ) 
and g r ( n ° )  C D, th en  th e re  i s  a  neighborhood N (n° ,3 )  o f  g r(r i° )  such t h a t  
N (n° ,S )  c  D. Note t h a t  i f . n  € C ( I , r " ) ,  th en  g r (n )  C N (n ° ,8) i f  and 
o n ly  i f  n e B(q°,B) C  C ( I ,R ^ ) .  C onsequen tly ,  i f  n° 6 0 ( 1 , r ’̂ ) and 
g r ( q ° )  C D, then  th e r e  i s  a 3 > 0 such  t h a t  i f  n € B(n '* ,3), then  
g r ( n )  C  D. In  what fo l lo w s ,  u se  w i l l  be  made o f  th e  convex ity  o f  B (ti° ,B ).
We d ig r e s s  to  d i s c u s s  l i n e a r  i n t e g r a l  e q u a t io n s .  L e t  A(p) =
{ ( t , s ) ;  a <  s ^ t ^  a  + p} and f  e C ( I ,R ^ ) . I f  k i s  a con tinuous 
n  X n m a tr ix  fu n c t io n  d e f in e d  on A (p),  th e n  th e  equa t ion
( 1 .2 .4 )  x ( t )  = f ( t )  + / \ ( t , s )  x ( s ) d s
has  a  unique s o l u t i o n  on I .  I t  i s  w e l l  known, [5 ; p .  125],  t h a t  th e  
s o l u t i o n  i s  g iven  by
( 1 .2 .5 )  S ( t )  = f ( t )  + / J r ( t , s )  f ( s ) d s
where r ,  the  r e c i p r o c a l  k e rn e l  a s s o c i a t e d  w ith  k ,  i s  a continuous 
n  X n  m a tr ix  f u n c t io n  d e f in e d  on A(p) and
(1 . 2 . 6 ) r ( t , s )  = zT ^ ^ k / * ) ( t , s ) .
The m a t r i c e s  k^™ ^(t,s)  a r e  d e f in e d  by
k ( ^ ) ( t , s )  = k ( t , s )  
k^“ ^ ( t , s )  = / g k ( t , u ) k ^ ®  ^ ) ( u , s ) d u
f o r  m = 2 , 3 , . . . .  Also well-known i s  th e  f a c t  t h a t  i f  | k ( t , s ) | < M
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on A (p ) ,  th en
(1 .2 .7 )  | | k ( ^ ) ( t , 8 ) | | ^  t f ( t  -  s ) “  "  V (m  -  1)1
f o r  ( t , s )  € A(p) and m = 2 , 3 , . . . .  The in e q u a l i t y  ( 1 .2 .7 )  to g e th e r  
w i th  th e  e x p re s s io n  (1 . 2 . 6 ) ,  y i e l d s  th e  i n e q u a l i t y
(1 .2 .8 )  | | r ( t , s ) | | <  M exp(Mp) f o r  ( t , s )  6 A (p).
P erhaps  l e s s  well-know n a r e  th e  i n e q u a l i t i e s  which w i l l  be
e s ta b l i s h e d  i n  th e  n ex t  lemma.
LEMMA 1 . 2 . 2 .  k and k a r e  con tinuous  n x n m a tr ix  f u n c t io n s  
d e f in e d  on A(p) such t h a t  | | k ( t , s ) | | 3  M, | | k ( t , s ) |  M and 
I | k ( t , s )  -  k ( t , s ) |  1^ 6 on A (p ) ,  then
| |k ^ ™ ^ ( t , s )  -  k ^ ™ \ t , s ) l | ^  m dlf  ^ ( t  -  s)™ (m -  1)1
on A(p) f o r  m = 2 , 3 , . . . .  F u r th e rm o re , i f  r  and r  a r e  th e  k e rn e l s  
r e c i p r o c a l  to  k and k r e s p e c t i v e l y , then  | | f  ( t , s )  -  r ( t , s ) | | <
6(1 + Mp) exp(Mp) on A (p).
By h y p o th e s i s ,  j | k ^ ^ \ t , s )  -  k^^^ ( t , s ) l  1 < 5 . i f
| | k ( * ^ ( t , s )  -  k ( * ) ( t , s ) | | <  m6> r  ^ ( t  -  s ) “  V ( m -  1 ) 1,
th e n
| | f ( *  + l ) ( t , s )  -  k(* + l ) ( t , s ) | |
< / g | | k ( t , u ) k ^ “ ^ ( u , s )  -  k ( t , u ) k ^ “ ^ ( u , s ) l  |du
< / g l | k ( t , u ) | I  I |k ^ “ ^ ( u , s )  -  k ( * ) ( u , s ) | | d u  
+ / g |  ( k ( t , u )  -  k ( t , u )  I I [ |k^“ \ u , s )  [ |du
< m6) f /  (m -  1)1 / ^ ( u  -  s)™ ^du + 6tf^/(m -  1)1 / g ( u  -  s)™ ^ du
< (m + l)0M®(t -  s ) “ /m ! .
Furtherm ore ,
I | r ( t , s )  -  r ( t , s ) |  I < zT = i l  | k ( ° ) ( t , s )  -  k^“ \ t , s ) l  ]
< iT .m6l f  ^ ( t  -  s ) “  ^/(m -  1)1m = j.
4 (1 + M(t r .  s ) )  exp[M (t -  s ) ]
(  6 (1  + Mp)exp(Mp).
We r e c a l l  t h a t  i f  g° e  BC^(I x D,r" ) ,  then  B (g ° ,5 )  =
{ g  € B C ^ d  X D,r“ ) ;  | | g  -  g ° | | i <  5} where BC^(I x D ,r" )  and | | ' | | ^  
were d e f in e d  in  (1 .1 .3 )  and (1 .1 .5 )  r e s p e c t i v e l y .
LEMMA 1 .2 .3 .  L et ( f ° , g ° )  be an  elem ent o f  Cd.R*^^) x BC^(I x D,r” )
f o r  which th e  s o l u t i o n  o f  E [ f ° , g ° ] ,  i s  d e f in e d  on I .  Then w i th  each
e > 0 t h e r e  i s  a s s o c ia t e d  a 6^ > 0 such  t h a t  i f  ( f , g )  e  B ( f ° ,6^) x
B(g° ,6  ) ,  t h e n ;
Ê '
( i )  th e  s o l u t i o n . Ç, o f  E [ f ,g ]  ^  d e f in e d  on I ,
( i i )  i f  r ° ,  r^  and r ^  a r e  th e  r e c i p r o c a l  k e r n e l s  a s s o c ia t e d  
w ith  g ° ( t , s , g ° ( s ) ) ,  / J g ^ ( t , s , Ç ° ( s )  + a ( Ç ( s )  -  g ° ( s ) ) ) d a  
and g ^ ( t , s , Ç ( s ) ) , r e s p e c t i v e l y , th e n :
(a) I | r ^ ( t , s )  -  r ° ( t , s ) | |  < e ^  ( t . s )  € A(p),
(b) I | r ^ ( t , s )  -  r ° ( t , s )  | | < e f o r  ( t , s )  G. A(p).
L e t  e > 0 be  f ix e d .  As i n  Theorem 1 . 2 .3 ,  t h e r e  e x i s t s  a 6 > 0 
such t h a t  N(Ç°,23) = {  ( s , x ) ;  t  «  I ,  | | x  -  Ç ° ( t ) | | <  2g} i s  a  s u b s e t  of
D. A lso , i t  fo l lo w s  from Theorem 1 .2 .3  t h a t  th e re  i s  a  6^ > 0 such
t h a t  i f  ( f , g )  G B ( f ° , 6^) x B (g ° ,6^) th e n  th e  s o l u t i o n  o f  E [ f ,g ]  h a s  i t s
graph i n  N (g ° ,g ) .  L e t M = sup { | | g | | ^ ;  g 6 B (g ° ,6^ )}  and s e t  =
e / I 4 ( l  + Mp)exp(Mp)].
The fu n c t io n  g° i s  con tinuous on th e  compact s e t  I  x N (Ç °,B ), so
th e re  i s  a  gg > 0 such t h a t  i f  ( t ' , s ’ , x ' )  and ( t , s , x )  belong  t o  I  x
2 'N (Ç°,3) and | | ( t ' , s ’ , x ' )  -  ( t , s , x ) | |  < 6_ , then  | | g ° ( t ' , s ' , x ' )  -
g ° ( t , s , x ) | |  < Once a g a in  i t  fo llo w s  from Theorem 1 .2 .3  t h a t  t h e r e  i s
a  dg > 0 such  th a t  i f  ( f , g )  € B ( f ° , 6g) x th e n  th e  s o l u t i o n  Ç of
E [ f ,g ]  s a t i s f i e s  Ç €  B (Ç °,62)* In  p a r t i c u l a r ,  i t  i s  to  be no ted  t h a t  i f  
Ç e  B( 5^ , 62) ,  then  | | ( t , s , Ç ( s ) )  -  ( t , s ,Ç ° ( s ) )  11 < 62 f o r  a < s < t  < a + p.
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S e t  6^ = m in { ô ^ ,6 g ,e ^ } ,  and suppose t h a t  ( f , g )  ^ B ( f ° ,6 ^ )  x 
B (g ° ,6 ^ ) .  L et Ç b e  th e  s o l u t i o n  o f  E [ f ,g ]  and d e n o te  Ç -  by AÇ. Then 
I | / J g j j ( t , s , Ç ° ( s )  + aA Ç(s))da -  g ° ( t , s , Ç ° ( s ) )  [ ]
< / J |  |g 3j ( t , s , Ç ° ( s )  + aAÇ(s)) -  g ° ( t , s , Ç ° ( s )  + o A S ( s ) ) | |d a  
+  / J l | g ° ( t , s , Ç ° ( s )  + oAÇ(s)) -  g ° ( t , s , Ç ° ( s ) ) 1|d a ,
and 80
o g x ( t , s , € ° ( s )  + oAÇ(s))da -  g ° ( t , s , Ç ° ( s ) )  | ] < 6^ +  2e^.
Also,
| | g x ( t , s , g ( s ) )  -  g ° ( t , s , Ç ° ( s ) ) 11^  I j g ^ X t . s . S f s ) )  -  g ° ( t , s , Ç ( s ) ) I I  
+  l l g ° ( t , s , Ç ( s ) )  -  g ° ( t , s , Ç ° ( s ) ) 11, 
and we have  t h a t  | | g ^ ( t , s , S ( s ) )  -  g ° ( t , s , Ç ° ( s ) )  | | < 2e^ .  S ince  2e^<  
e / [ 2 ( l  + Mp)exp(Mp)], i t  fo l lo w s  from Lemma 1 .2 .2  t h a t  | | r ^ ( t , s )  -  
r ° ( t , s ) | I  < e and | | r ^ ( t , s )  -  r ° ( t , s ) | |  < e f o r  ( t , s )  G A (p).
3 .  E q u a t io n s  o f  v a r i a t i o n . R e c a l l  th e  d e f i n i t i o n  of th e  
F ré c h e t  d i f f e r e n t i a l .  Let X and Y b e  normed l i n e a r  sp a c e s  and l e t  A 
be an open s e t  c o n ta in in g  x  € x .  A mapping F : A -> Y i s  d i f f e r e n t i a b l e
a t  X i f  t h e r e  e x i s t s  a  bounded l i n e a r  o p e ra to r  dF (x ; • ) :  X -)■ Y such
t h a t  I |F ( x + Ç) -  F (x )  -  dF(x ; g ) | | / | | g | |  + 0 as  | | g | |  ->-0. The l i n e a r  
o p e ra to r  dF (x ; •) i s  c a l l e d  th e  F ré c h e t  d i f f e r e n t i a l  o f  F a t  x .  I f  
such a  l i n e a r  o p e r a to r  e x i s t s ,  th e n  i t  i s  u n ique .
I f  g e  BC^(I X D,R^), th e n  th e  boundedness o f  | | g ^ | |  im p l ie s  
t h a t  g s a t i s f i e s  a  L ip s c h i tz  c o n d i t io n  w i th  r e s p e c t  t o  x .  A lso ,  i f  
( f ° , g ° )  €  C (I ,R ^) X BC^(I X D ,r” ) i s  such t h a t  th e  s o l u t i o n  of E [ f ° ,g ° ]  
i s  d e f in e d  on I ,  th e n  i t  fo l lo w s  from Theorem 1 .2 .3  t h a t  th e r e  i s  a 
6 > 0 such  t h a t  i f  ( f ,g )  e B ( f ° , 6 ) x B ( g ° ,6) ,  th e n  th e  s o l u t i o n  o f  
E [ f , g ]  i s  a l s o  d e f in e d  on I .  C onsequen tly ,  a  f u n c t i o n  F: B ( f ° , 6) x
B (g ° ,6) -> C (I ,R ^)  may be d e f in e d  by Ç = F ( f , g )  where Ç
11
i s  t h e  un ique  s o l u t i o n  o f  E [ f , g ] .  That g e x i s t s  and i s  un ique  fo llo w s  
from Theorem 1 . 2 . 1 .
THEOREM 1 .3 .1 .  L e t ( f ° , g ° )  € C ( I , r")  x bC^(I x d , r" )  W  an 
elem ent f o r  which th e  s o l u t i o n  o £  E [ f ° ,g ° ]  e x i s t s  on I .  Then F i s
F ré c h e t  d i f f e r e n t i a b l e  a t  ( f ° , g ° ) .
There e x i s t s  a 0 > 0 such t h a t  any e lem ent o f  has
graph in  D. There  e x i s t s  a 6^ > 0 such t h a t  i f  ( f , g )  € B ( f ° , 6 ^) x 
B (g ° ,6^ ) ,  th e n  F ( f , g ) ,  th e  s o lu t io n  o f  E [ f , g J ,  i s  i n  B(Ç°,B).
For ( f , g )  € B ( f ° ,5 ^ )  x B (g ° ,6^ ) ,  d e f in e  th e  d i f f e r e n c e  fu n c t io n  
AS by Ag = E -  = F ( f ,g )  -  F ( f ° , g ° ) .  Then,
A g(t)  = f ( t )  -  f ° ( t )  +  / ^ g ( t , s , S ( s ) ) d s  -  / ^ g ° ( t , s , S ° ( s ) ) d s  
= f ( t )  -  f ° ( t )  +  ; ^ [ g ( t , s , S ° ( s ) )  -  g ° ( t , s , S ° ( s ) ) ] d s  
+ / g [ g ( t , s , S ( s ) )  -  g ( t , s , S ° ( s ) ) ] d s .
Making use  o f  T a y l o r 's  theorem  w ith  i n t e g r a l  form o f th e  rem a in d e r ,  
and d en o tin g  f  -  f °  by Af and g -  g° by Ag, we have t h a t
A g(t) = A f ( t )  + ; ^ A g ( t , s , S ° ( s ) ) d s
+ / ^ ( / Q g ^ ( t , s , S ° ( s )  + oA Ç (s))da)A Ç (s)ds.
I t  fo l lo w s  from ( 1 .2 .5 )  t h a t
AgCt) = Af Ct) + / ^ A g ( t , s ,S ° C s ) )d s  + / ^ r ( t , s ) f ( s ) d s  
+ / ^ r C t , s ) ( / ^ A g ( s ,u ,Ç ° ( u ) ) d u ) d s  
where r ( t , s )  i s  th e  r e c i p r o c a l  k e rn e l  a s s o c ia t e d  w ith  
/Q g x C t ,s ,Ç ° (s )  + a A g (s ))d a .  The eq u a t io n
x ( t )  = A f ( t )  + / ^ A g ( t , s , S ° ( s ) ) d s  + ; ^ g ° ( t , s , g ° ( s ) ) x ( s ) d s  
i s  l i n e a r ,  so i t  h a s  a s o l u t i o n
d F ( f ° ,g ° ;  A f ,A g )( t)  = A f( t)  + / ^ A g ( t , s ,Ç ° ( s ) ) d s
+ / ^ r ° ( t , s ) A f ( s ) d s  
+ / ^ r ° ( t , s ) ( / ® A g ( s , u ,S ° ( u ) ) d u ) d s
12
w here r ° ( t , s )  i s  th e  r e c i p r o c a l  k e r n e l  f o r  the  k e rn e l  g ° ( t , s , Ç ° ( s ) ) .
The d i f f e r e n c e  | |A Ç ( t )  -  d F ( f ° ,g ° ;  A f ,A g ) ( t ) | |  may be  bounded 
as  fo l lo w s  :
l |A Ç ( t)  -  d F ( f ° ,g ° ;  A f ,A g > ( t ) | |
< / ^ 1 j r ( t , s )  -  r ° ( t , s ) l I  | | A f ( s ) | | d s
+  / ^ |  | r ( t , s )  -  r ° ( t , s ) |  I (/®| |A g (s ,u ,Ç ° (u ) ) |  |d u )d s
< I I(A f,A g)l | r ( t , s )  -  r ° ( t , s ) l  I (1 + (s -  a ) )d s
^  11(Af,Ag)| I (1 +  p) / ^ 1 l r ( t , s )  -  r ° ( t , s ) l  |d s .
For f ix e d  e > 0 , we w i l l  e s t a b l i s h  th e  e x i s t e n c e  of a  6^ > 0 
such  t h a t ,  i f  ( f , g )  « B ( f ° , 6^) x B (g ° ,6^ ) ,  then
s u p { | |A Ç ( t )  -  d F ( f ° ,g ° ;  A f , A g ) ( t ) | | ;  t  e i} < e( | (Af,Ag)| [ . I t  fo l lo w s  
from Lemma 1 .2 .3  t h a t  th e r e  i s  a  6^ > 0 s a t i s f y i n g  6^ < 6^, and such 
t h a t  i f  ( f , g )  e  B ( f ° , 6^) x B ( g ° ,6^ ) ,  th e n  | | r ( t , s )  -  r ° ( t , s ) | |  <
e / [ 2 p ( l  + p )]  f o r  a ^  s <  t ^  a  + p .  So, i f  ( f ,g )  è  B ( f ° , 6^) x B (g ° ,ô ^ ) ,
th e n  | |A Ç ( t )  -  d F ( f ° ,g ° ;  A f , A g ) ( t ) | | <  e | | ( A f , A g ) ] | / 2 .  I t  fo l lo w s  
t h a t  | |A5 -  d F ( f ° ,g ° ;  A f ,A g ) | |  = sup { | |A g ( t )  -  dF (f° ,g °  ; A f , A g ) ( t ) | | ;  
t  e I } <  e | | ( A f , A g ) | | .
I t  i s  c l e a r  t h a t  i f  ( * ,y )  € C ( I , r " )  x  bC^(I x  D ,r” ) ,  then
( 1 .3 .1 )  d F ( f ° ,g ° ;  (j),Y)(t) = <j)(t) + Y ( t , s ,Ç ° ( s ) ) d s  + / V ( t , s ) ( ^ ( s ) d s
+  / ^ r ° ( t , s ) (/®Y(s,u,Ç°(u))du)ds 
i s  an  elem ent o f  C ( I , r ” ) .  C onsequen tly ,  a mapping
d F ( f ° ,g ° ;  C ( I , r " )  x  BC^(I x  d , r ” ) C ( I , r ” )
i s  d e f in e d  by (1 . 3 . 1) .
I t  i s  e a s i l y  v e r i f i e d  t h a t  d F ( f ° ,g ° ;  • ,* )  i s  l i n e a r  on 
C (I ,R ^)  X BC^(I X D,R*^). The boundedness o f  d F ( f ° ,g ° ;  • , • )  a s  a l i n e a r  
o p e r a t o r  w i l l  now be e s t a b l i s h e d .  I f  (# ,y )  6 0 ( 1 , r ” ) x BC^(I x D ,r ” ) ,  
th e n
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| | d F ( f ° , g ° ;  * , Y ) ( t ) | | <  | | * ( t ) | |  + / ^ | | Y ( t , s , Ç ° ( s ) ) I | d s
+ / f l l I r ° ( t , s ) | I  | | 4 ( s ) | | d s  
+  / g | | r ° ( t , s ) | I C r ® | | y ( s , u , Ç ° ( u ) ) I |du )ds  
< | | ( * , Y ) | | [ 1  + (C -  a )  + / ^ | | r ° ( t , s ) | [ d s
a
I t  fo l lo w s  from ( 1 .2 .8 )  t h a t  | j r ° ( t , s ) | |  < M exp(Mp) where M i s  an
upper bound f o r  | | g ^ ( t , s , x ) | |  on I  x D. Moreover,
| | d F ( f ° , g ° ;  * , Y ) ( C ) | |<  (1 +  p  +  Mp exp (M p)  +  Mp^ e x p ( M p ) ) |  I ((j),Y)| 1
fo r  t  € I ,  and hence ,
sup { I |d F ( f ° ,g ° ;  * , Y ) ( C ) | | ;  t  e  I}<  ( (1  + p ) ( l  +  Mp exp(Mp))[ I (( | ) ,y )1 1 .
As ((J»,y) i s  a r b i t r a r y  i n  C(I,R '^) x BC^(I x D,R^), i t  fo llow s t h a t  
d F ( f ° ,g ° ;  • , • )  i s  a  bounded l i n e a r  o p e ra to r  and th u s  i t  i s  th e  F ré c h e t  
d i f f e r e n t i a l  of F a t  ( f ° , g ° ) .
As was b ro u g h t ou t i n  Theorem 1 .3 .1  above, d F ( f ° ,g ° ;  <j>,Y) i s  th e  
s o l u t i o n  o f
( 1 .3 .2 )  x ( t )  = 4 ( t )  +  / ^ Y ( t , s , Ç ° ( s ) ) d s  +  / ^ g ° ( t , s , Ç ° ( s ) ) x ( s ) d s  
where = F ( f ° , g ° ) .  C onsequen tly ,  e q u a t io n  (1 .3 .2 )  i s  termed th e
v a r i a t i o n a l  e q u a t io n  a s s o c i a t e d  w ith  E [ f ° , g ° ] .
S ince  F i s  d i f f e r e n t i a b l e  a t  ( f ° , g ° ) ,  i t  i s  w e l l  known [9 ;  p .  153] 
t h a t  F has two p a r t i a l  d i f f e r e n t i a l s ,
d i F ( f ° , g ° ;  (j))(t) = * ( t )  + / \ ° ( t , s ) ( t ) ( s ) d s
and
dgFCf ,gT; Y ) ( t )  = / ^ Y ( t , s , Ç  ( s ) )d s  + / ^ r  ( t , s ) ( /^ y ( s ,u ,Ç  (u ) )d u )d s .  
Moreover, th e  d i f f e r e n t i a l s  d ^ F ( f ° ,g ° ;  (j)) and d2,F ( f ° ,g ° ;  y)  a r e  s o lu t i o n s  
o f  th e  r e s p e c t iv e  e q u a t io n s
( 1 .3 .3 )  x ( t )  = 4 ( t )  +  / ^ g ° ( t , s , Ç ° ( s ) ) x ( s ) d s
and
14
( 1 .3 .4 )  x ( t )  = / ^ Y ( t , s , Ç ° ( s ) ) d s  +  / ^ g ° ( t , s , Ç ° ( s ) ) x ( s ) d s .
E quation  ( 1 .3 .3 )  I s  th e  v a r i a t i o n a l  e q u a t io n  a s s o c ia te d  w i th  E l f ° ,g ° ]  
when on ly  f  I s  a llow ed  to  v a ry ,  and eq u a t io n  (1 .3 .4 )  I s  th e  v a r i a t i o n a l  
e q u a t io n  a s s o c ia t e d  w i th  E [ f ° ,g ° ]  when g a lo n e  v a r i e s .
THEOREM 1 . 3 . 2 .  ( f ° ,g ° )  be an element o f  C ( I , r” ) x BC^(I x d , r" )
f o r  which th e  s o l u t i o n  o f  E [ f ° , g ° ] , I s  d e f in e d  on I .  Then dF I s  
con t inuous  a t  ( f ° , g ° ) .
I t  fo l lo w s  from Theorem 1 .2 .3  t h a t  th e r e  I s  a 3 > 0 such t h a t  
I f  ( f , g )  € B ( f ° ,3 )  X B (g ° ,3 ) ,  then  th e  s o lu t i o n  of E [ f ,g ]  e x i s t s  on I .
By Theorem 1 . 3 .1 ,  t h e  f u n c t io n  F i s  d e f in e d  and d i f f e r e n t i a b l e  on 
B ( f ° ,3 )  X B (g ° ,3 ) .
Suppose e > 0 I s  f ix e d  and f o r  M = sup { | | g | | g 6 B (g° ,3 )}
2
l e t  = e / [2 (2 p  + p (1 + Mp) exp(M p))] .  A lso , l e t  tg  > 0 be a  number 
f o r  which any e lem en t o f  has  graph In  D and choose =
min { GjyGg}'
I t  fo l lo w s  from Theorem 1 .2 .3  and Lemma 1 .2 .3  t h a t  th e r e  e x i s t s  
a 0^ > 0 such t h a t  I f  ( f , g )  6 B ( f ° , 6^) x B (g ° ,6^ ) ,  then  Ç = F ( f ,g )  
belongs to  and | | r ( t , s )  -  r ° ( t , s ) | |  < G  ̂ where r ( t , s )  and
r ° ( t , s )  a r e  th e  k e r n e l s  r e c i p r o c a l  to  g ^ ( t , s , Ç ( s ) )  and g ° ( t , s , Ç ° ( s ) ) , 
r e s p e c t iv e l y .
L e t  ( * ,? )  e C ( I , r " )  x  BC^(I x  D ,r“ ) and ( f ,g )  « B ( f ° , 6^) x 
B (g ° ,6^ ) .  Then, In  view  o f (1 .3 .1 )
| | d F ( f , g ;  -  d F ( f ° ,g ° ;  * , Y ) ( t ) | |
< I | / g ( Y ( t , s ,Ç ( s ) )  -  Y (t , s ,Ç °(s ) ) )d s  
+ / ^ ( r ( t , s )  -  r°(t ,s))(j>(s)ds  
+ / ^ ( r ( t , s )  -  r°( t ,s ) ) /®Y(s ,u ,Ç(u))duds  
+ /^ r° ( t , s ) /® (Y (s ,u ,Ç (u) )  -  Y(s ,u ,Ç°(u))duds |I
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< lY3j ( t , s , Ç ° ( s )  + aAÇ(s)) |  Ida) I | a ç ( s )  I |ds
+ / ^ | | r ( t , s )  -  r ° ( t , s ) | |  | | * ( s ) | | d s  
+ / ^ I | r ( t , s )  -  r ° ( t , s ) 1 | / J 1 1 y ( s , u , Ç ( u ) )  Ijduds 
+  [ ■ ^ a ! k ° ( t , s )  | | / ® ( / J | | Y j ^ ( s , u , Ç ° ( u )  + a A Ç ( u ) ) | | d a )  
I | A Ç ( u ) I I duds ] .
I t  fo l lo w s  from ( 1 .2 .8 )  t h a t  | | r ° ( t , s ) | | <  M exp(Mp). C onseq u en tly ,
| | d F ( f , g ;  *,Y)(t)  -  d F ( f ° ,g ° ;  <j>,Y)(t)||
. O i l  . 1 1 . 1 1  . 1 1 1 1  2
i l l s  -  S I Ip + I k l  h i P  + I Iy I l iE iP '
exp(Mp)I|C -  Ç ° | |p^
^  | | ( # ; Y ) | |  (GgP + s^p + e^p^ + e ^ p ^  exp (Mp))
(  I I (<I>»Y) I I (2p + p ^ ( l  + M exp(M p))e^.
In  view  o f th e  d e f i n i t i o n  o f  we have th a t
l | d F ( f , g ;  (j),Y) -  d F ( f ° ,g ° ;  * , Y ) | | <  e | | ( * , Y ) | | / 2 .
S ince  (*,Y) i s  a r b i t r a r y  i n  C ( I , r’̂ ) x BC^(I x D ,R ^), i t  fo l lo w s  t h a t  
| | d F ( f , g ;  ' , ' )  -  d F ( f ° ,g ° ;  * , ' ) | | <  e .  Hence, dF i s  co n t in u o u s  a t  
( f ° , g ° ) .
CHAPTER 2
STABILITY PROPERTIES OF A VOLTERRA 
INTEGRAL EQUATION
1. N o ta t io n  and c o n v e n t io n s . Some f u r t h e r  n o t a t i o n  w i l l  be  
In tro d u c e d  a l th o u g h  th e  n o t a t i o n  o f  Chapter 1 rem ains  i n  fo r c e  u n le s s  
t h e r e  i s  a  s p e c i f i c  s ta te m e n t  to  th e  c o n t ra r y .  I f  R^ = [ 0 ,“ ) ,  l e t  
BC(r"*") = { f :  r"*" -»■ r” ; f  i s  bounded and c o n t in u o u s  on R^}.
The fu n c t io n  d e f in e d  by
I |x j  I = sup  { I [ x ( t )  I I ; t  6 R*"} 
e s t a b l i s h e s  a  norm f o r  BC(R^) and (BC(R^), 11 • | j ) i s  a  Banach s p a c e .
I n  the  s e q u e l  we w i l l  u se  BC(R^) to  deno te  ( B C ( R ^ ) , | | * | | ) .
Denote { ( t , x )  € R x r“ ; 0< t <  « and | | x [ |  < q} by D (q),  where 
q i s  a  p o s i t i v e  r e a l  number. L e t B (0 ,q) be th e  b a l l  o f  r a d iu s  q cen te red  
a t  0 i n  BC(R^). The b a l l  o f  r a d iu s  q^ c e n te re d  a t  0 i n  R° i s  denoted  
by  B (0 ,q ^ ) .  We o b se rv e  t h a t  i f  x e B (0 ,q ) ,  then  g r ( x )  i s  i n  D (q).
L e t  h be a  f u n c t io n  defined, on D(q) x B (0 ,q^) w ith  ra n g e  in  R*̂ . I f
th e  component f u n c t io n s  o f  h a r e  h ^ ,  l e t  h^ deno te  th e  n x n m a t r ix  
[3h j/9 X j]  o f  p a r t i a l  d e r i v a t i v e s  o f  th e  h^ w ith  r e s p e c t  to  th e  com­
ponen ts  Xj o f  X 6 R^. L e t h^ deno te  the  n x m m a t r ix  [3h^/3c^] o f  
p a r t i a l  d e r i v a t i v e s  o f  th e  h^ w ith  r e s p e c t  to  th e  components c^ o f
c  € R™. The n X (n +  m) m a t r ix  [h. ,h .  ] whose f i r s t  n  columns con-i x .  ic_^
j  8
s i s t  o f  h and whose l a s t  m columns a r e  h i s  deno ted  by h .X c z
Assume t h a t  h s a t i s f i e s  the  fo l lo w in g :
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(A°) h J æ con t inuous  on D(q) x B(0 ,q^) and h ( t , 0 , 0 )  = 0 f o r  t  € R^;
(A°) th e  component fu n c t io n s  of h have con tinuous f i r s t  o rd e r  p a r ­
t i a l  d e r i v a t i v e s  w i th  r e s p e c t  to  t h e  components o f  x 6 and 
c e  R™, and th e  n x (n +  m) m a t r ix  | | h ^ ( t , x , c ) |  | bounded 
above by P° f o r  ( t , x , c )  (  D(q) x B (0 ,q ^ ) ;
(Ag) f o r  each e > 0 t h e r e  i s  ^  5^ > 0 su ch  t h a t  i f  ( t , x , c )  and
( t ' , x * , c ' )  belong to  D(q) x B (0 ,q^)  and | | x  -  x ' | |  < 5^ and 
| | c  -  c ' l I  < th e n  | [ h ^ ( t . x . c )  -  h ^ ( t * . x * , c ' )  11 < e .
L e t  A = { ( t , s )  €  R^; 0 <  s <  t < "}  and f o r  b > 0 d e f in e  A(b)
2
as { ( t , s ) € R  ; 0<  s < t ^  b} . Suppose t h a t  k i s  a  con tinuous n  x n 
m a tr ix  f u n c t io n  d e f in e d  on A w ith  th e  p ro p e r ty  t h a t  th e re  e x i s t s  an 
M > 0 such  t h a t
(2 . 1 . 1 ) / J |  | k ( t , s ) [ | d s 4  M, f o r  t  6 r'*'.
We w i l l  d en o te  th e  i n t e g r a l  e q u a t io n
x ( t )  = f ( t )  + / Q k ( t , s ) h ( s , x ( s ) , c ) d s
by E [ f , k , h ] .
2 .  E x is te n c e  and d i f f e r e n t i a b i l i t y  of s o lu t io n s  o f  E [ f , k , h ] .
With f ,  X  and c d e n o tin g  a r b i t r a r y  e lem en ts  of BC(R^), B (0,q) and 
3 ( 0 ,q^) r e s p e c t i v e l y ,  d e f in e  a  fu n c t io n  G°: BC(R^) x B(0 ,q^) x B(0 ,q)
BC(r‘*‘) by
( 2 .2 .1 )  G ° ( f , c , x ) ( t )  = f ( t )  + / Q k ( t , s ) h ( s , x ( s ) , c ) d s  -  x ( t ) .
Since f ,  k ,  h and x a r e  c o n t in u o u s ,  G ° ( f , c , x )  i s  a con tinuous  f u n c t io n  of 
t .  A lso ,
/ Q k ( t , s ) h ( s , x ( s ) , c ) d s  = / Q k ( t , s ) [ h ( s , x ( s ) , c )  -  h ( s , 0 , 0 ) ]d s
= / Q ( / Q k ( t , s ) h ^ ( s , a x ( s ) , a c ) d o ) z ( s ) d s  
where T a y l o r 's  theorem  w ith  rem ainder has  been ap p l ie d  and z ( s )  i s  th e  
t r a n s p o s e  o f  th e  n  + m d im ens iona l row v e c t o r  I x ( s ) , c ] .  In  view o f
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h y p o th e s is  (A°) and th e  i n e q u a l i t y  ( 2 .1 .1 )  we o b ta in
| l G ° ( f , c , x ) ( t ) l U  | | f ( t ) | |
+ I l | h 2 ( s , a x ( s ) , o c ) | | d a ) | | z ( s ) | | d s
+ I | x ( t ) |  I
< l | f | |  + P ° ( | | c | |  + I | x |  1 ) / J |  | k ( t , s ) l  |d s  + | | x | |
< | | f | |  + P ° M ( | | c | |  + | | x | | )  + 11x11.
That i s ,  1 l c ° ( f , c , x ) ( t ) | 1 i s  bounded, so t h a t  G ° ( f , c ,x )  €  BC(R^) .
I n  [1 ; p. 5 1 7 ] ,  R. Bellman e s ta b l i s h e d  a  r e s u l t  which c o n ta in s
th e  fo l lo w in g  theorem  as a s p e c i a l  c a s e .
THEOREM 2 . 2 .1 .  A n e c e ss a ry  and s u f f i c i e n t  c o n d i t io n  fo r  
/ p k ( t , s ) x ( s ) d s  6 BC(R^) whenever x  € BC(R^) i s  t h a t  the  i n e q u a l i t y  ( 2 .1 .1 )  
be  s a t i s f i e d .
LEMMA 2 . 2 .1 .  The p a r t i a l  d i f f e r e n t i a l  o f  G° w ith  r e s p e c t  t o  th e  
f i r s t  v a r i a b l e  e x i s t s  and i s  c o n tin u o u s  on BC(R^) x B(0,q^) x B ( 0 , q ) .
With ( f , c , x )  €  BC(R^) X B (0 ,q^) x B (0 ,q )  and € BC(R^), we have 
th a t  G°(f + (j),c,x) -  G ° ( f , c ,x )  = # ( t ) ,  and hence
(2 .2 .2 )  d ^ G ° ( f , c ,x ;  *) = *.
Since ( f , c , x )  i s  a r b i t r a r y  i n  BC(R^) x B(0,q^) x B(0,q) and d^G° i s  th e  
i d e n t i t y  map on BC(R^), th e  r e s u l t  fo l lo w s .
LEMMA 2 . 2 .2 .  The p a r t i a l  d i f f e r e n t i a l  of G° w ith  r e s p e c t  to  th e  
second v a r i a b l e  e x i s t s  and i s  co n t in u o u s  on BC(r"*") x B (0,q^) x B ( 0 , q ) .
I f  ( f , c , x )  € BC(R^) X B (0 ,q^) x B (0 ,q)  and X € R® a r e  such t h a t  
c +  X G B (0 ,q ^ ) ,  th en
G ° ( f ,c  + X,x) -  G ° ( f , c ,x )
■= / Q ( /^ k ( t , s ) h ^ ( s ,x ( s ) ,a X ) d a ) d s X .
We proceed to  show t h a t
(2 .2 .3 )  d2G ° ( f , c , x ;  X ) ( t )  = /Q k ( t , s ) h ^ ( s ,x ( s ) , c ) d s X .
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.O sL e t  e > 0 be  f i x e d .  From h y p o th e s i s  (A^), t h e r e  i s  a 5^ > 0 such  th a t  
i f  ( t , u , c )  and ( t , u , c ' )  be lo n g  to  D(q) x B (0 ,q^) and | | c  -  c ' | |  < 6e ’
then  I ] h ^ ( t , u , c )  -  h ^ ( t , u , c ’ ) |  j < e /(2M ), where M i s  d e f in e d  by ( 2 . 1 . 1 ) .
L e t  X 6 B(0 ,q^) be  such t h a t  c + X 6 B (0 ,q^) and 0 < | | X | | <  6^ .  Then 
I | h ^ ( s , x ( s ) , c  + aX) -  h ^ ( s ,x ( s ) , c ) 1 1  < e/(2M) f o r  each a  € [ 0 ,1 ] .
I t  fo l lo w s  th a t
I |G ° ( f  ,c  + X , x ) ( t )  -  G ° ( f , c , x ) ( t )  -  d2G °(f ,c ,x ;X )  ( t )  11
< / q( / q | | k ( t , s ) | I  | | h ^ ( s , x ( s ) , c  + aX) -  h ^ ( s , x ( s ) , c ) | | d a ) d s X
< | | x | | e / 2 .
Hence,
I [ G ° ( f , c  + X ,x) -  G ° ( f , c , x )  -  d 2G ° ( f , c ,x ;  X ) | | / | | x | |  < e .
With X an  a r b i t r a r y  elem ent o f  R™, i t  i s  c l e a r  t h a t  d2G ° ( f , c ,x ;  X) i s  
l i n e a r  i n  X. A lso ,
I | d 2® ° ( f , c , x ;  X ) ( t ) j I  ^ / g | | k ( t , s ) | |  | | h ^ ( s , x ( s ) , c ) X | | d s ,  
and i n  view o f  ( 2 .2 .1 )  and th e  f a c t  t h a t  h ^ ( t , x ( t )  ,c)X € BC(R*^) f o r  
each X e  r ”̂ , i t  fo l lo w s  from th e  above Theorem 2 .2 .1  t h a t  d2,G ° ( f ,c ,x ;  •)  
i s  a  bounded l i n e a r  map o f  in t o  BC(R*^). Hence, d2G ° ( f , c , x ;  • )  i s  
th e  r e q u i r e d  p a r t i a l  d i f f e r e n t i a l .
I n  o rd e r  to  e s t a b l i s h  t h e  c o n t in u i t y  of d 2G°, l e t  e > 0 be 
f ix e d  and s e l e c t  a  6 ^ > 0 such t h a t  i f  ( t , u , c )  and ( t , u ’ , c ' )  a r e  e lem ents  
o f  D(q) X B (0 ,q ^ ) ,  w h i le  [ |u -  u ’ | |  < and I j c  -  c ' | |  < th e n  
l | h g ( t , u , c )  -  h ^ ( t , u ' , c * ) I  I < e /(2M ). L e t ( f , c , x )  and ( f ' , c ' , x ' )  
be long  to  BC(R^) x B(G,q^) x B (0 ,q )  and be such t h a t  | | ( f , c , x )  -  
( f ' , c ’ , x ' ) | |  < 5^ . Then, w i th  X € R™ we have t h a t
| | d 2G ° ( f , c , x ;  X ) ( t )  -  d 2G ° ( f ' , c ' , x ' ;  X ) ( t ) | |
< / J | | k ( t , s ) | |  | | h ^ ( s , x ( s ) , c )  -  h ^ ( s , x ' ( s ) , c ) | | d s | | x | |
< l | x | | e / 2 .
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C o n seq u en tly ,  ] [ d2G°(f , c , x ;  X) -  d2G °(f * , c ’ , x ' ; X ) | |  < G | | x | | / 2 ,  and 
s i n c e  X i s  a n  a r b i t r a r y  e lem ent o f  r ”*, i t  fo l lo w s  t h a t  jldgG ^C fiC /x ; • )  -  
d g G ^ t f ' x c ' . x ' ;  • ) | |  < e ,  and hence , i s  con t inuous  on BC(R^) %
BCO.q^^ X B ( 0 ,q ) .
LEMMA 2 . 2 .3 .  The p a r t i a l  d i f f e r e n t i a l  o f  G° w ith  r e s p e c t  to  th e  
t h i r d  v a r i a b l e  e x i s t s  and i s  con tinuous on BC(R^) x  B(0,q^) x  B ( 0 ,q ) .
I f  ( f , c , x )  € BC(r"**) X B(0,q^) x  B (0 ,q )  and Ç € B (0 ,q ) a r e  such  
t h a t  X +  Ç e  B (0 ,q ) ,  th en
G ° ( f , c , x  +  G )( t)  -  G ° ( f , c , x ) ( t )
= / Q ( / Q k ( t , s ) h ^ ( s ,x ( s )  + a Ç ( s ) ,c ) d a ) Ç ( s ) d s  -  Ç ( t ) .
We s h a l l  p roceed  to  e s t a b l i s h  t h a t
( 2 .2 .4 )  d g G f f f . c .x ;  % )(t)  = / Q k ( t , s ) h ^ ( s , x ( s ) ,c )Ç (s )d s  -  Ç ( t ) .
L e t  e > 0 be f i x e d .  From h y p o th e s is  (A °) , t h e r e  e x i s t s  a 6  ̂ > 0 such  
t h a t  i f  ( t , u , c )  and ( t , u ’ ,c )  belong to  D(q) x B (0 ,q^) and [ |u  -  u ’ | |  <
, th e n  [ | h ^ ( t , u , c )  -  h ^ ( t , u ' , c ) |  |< e / (2 M ). I n  p a r t i c u l a r ,  i f  Ç € B (0 ,q)  
w i th  X + I  6 B (0 ,q)  and 0 < | | s | |  < 6̂ ,  th e n  | [ h ^ ( s , x ( s )  + a Ç ( s ) , c )  -  
h ^ ( s , x ( s )  ,c)  [ [ < e /(2 M ) f o r  a  6 [ 0 ,1 ] .  I t  fo l lo w s  t h a t  i f  d g G ° ( f , c ,x ;  Ç) 
i s  d e f in e d  by ( 2 . 2 . 4 ) ,  th en
I | ç ( s ) I |d s
« e I U l I / 2 .
Hence, we have t h a t  
,0I |G ( f , c , x +  Ç) -  G ( f , c , x )  -  d G ( f , c , x ;  S ) | | / | | s | |  < e .3
With Ç €. BC(R^), i t  i s  c l e a r  t h a t  d 2G ° ( f , c , x ;  Ç) i s  l i n e a r  i n  Ç. A lso ,  
we have  th e  i n e q u a l i t y
I[d sG ^ C f,c ,x ;  g ) ( t ) | |  < / q I l k ( t , s ) h ^ ( s , x ( s ) , c ) 1 1 | | C ( s ) | | d s ,
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and s in c e  / q [ | k ( t , s ) h ^ ( s , x ( s ) , c ) | | d s <  MP° i t  fo l lo w s  from th e  above 
Theorem 2 .2 .1  t h a t  dgG °(f,c ,% ; *) i s  a bounded l i n e a r  t r a n s fo rm a t io n  
on BC(R^). Hence, dgG °(f,c ,% ; •) i s  th e  re q u i re d  p a r t i a l  d i f f e r e n t i a l .
An argument s im i l a r  to  th e  one g iv en  i n  Lemma 2 .2 .2  s e rv e s  to  
e s t a b l i s h  th e  c o n t in u i t y  of dgG° as  a  f u n c t io n  o f  ( f , c , x ) .
THEOREM 2 . 2 .2 .  Suppose t h a t  hypotheses  (A °) , (A°), (A°) and
( 2 .1 .1 )  a r e  s a t i s f i e d  and t h a t  G° th e  fu n c t io n  d e f in e d  by ( 2 .2 . 1 ) .  
Then G° i s  c o n t in u o u s ly  d i f f e r e n t i a b l e  on BC(R^) x B (0 ,q^) x B (0 ,q ) .  
F u r th e rm o re , i f  ( f , c , x )  ^ b c (R^) x B (0 ,q^) x B (0 ,q )  and (#,X,G) E BC(r"̂ ) 
X X BC (R^) , th e n
d G ° ( f , c ,x ;  4 ,X ,S ) ( t )  = 4 ( t )  + ( /Q k ( t , s ) h ^ ( s ,x ( s ) , c ) d s ) X
+  / p k ( t , s ) h ^ ( s , x ( s ) , c ) Ç ( s ) d s  -  S ( t ) .
From Lemmas 2 . 2 . 1 ,  2 .2 .2  and 2 . 2 .3 ,  we have t h a t  d ^ G ° ( f ,c ,x ;  (j)), 
d2G ° ( f , c ,x ;  X) and d ^ G ° ( f ,c ,x ;  Ç) e x i s t  and a r e  co n tinuous  on BC(R^) x 
B (0 ,q^) X B ( 0 ,q ) .  I t  fo l low s  from a w e l l  known theorem [9; p. 154] 
t h a t  G° i s  c o n t in u o u s ly  d i f f e r e n t i a b l e  on BC(R^) x B (0 ,q^) x B(0 ,q) and 
d G ° ( f , c ,x ;  (j),X,Ç) = d ^ G ° ( f ,c ,x ;  (p) + d2G ° ( f , c ,x ;  X)
+ d g G ° ( f ,c ,x ;  0 *
LEMMA 2 .2 .4 .  L e t  the  hypo theses  o f  Theorem 2 .2 .2  be s a t i s f i e d . 
Suppose t h e r e  e x i s t s  £  r e a l  number > 0 such t h a t  r ° ( t , s ) , th e  
r e c i p r o c a l  k e r n e l  a s s o c ia te d  w i th  k ( t , s ) h ^ ( s , 0 , 0 ) , s a t i s f i e s
/« I  | r ° ( t , s )  I |ds  ^ M o fo r  t  6 R"*".
Then. d g G °(0 ,0 ,0 ;  •)  i s  a  l i n e a r  homeomorphism o f BC(R^) onto BC(R^) .
For each  f  E BC(R^) th e  l i n e a r  eq u a t io n
( 2 .2 .5 )  G (t) = - f ( t )  +  /Q k ( t , s ) h ^ ( s ,0 ,0 ) Ç ( s ) d s
has  e x a c t ly  one con tinuous  s o l u t i o n  which i s  g iven  by
Ç (t)  = - f ( t )  -  / Q r ° ( t , s ) Ç ( s ) d s .
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Theorem 2 .2 .1  shows t h a t  Ç € BC(R^) and s in c e  ( 2 .2 .5 )  i s  e q u iv a le n t  
to  (0 , 0 , 0 ; Ç) = f .  I t  fo l lo w s  t h a t  d^G®(0 , 0 , 0 ; •) I s  b l j e c t l v e .
I t  was e s t a b l i s h e d  In  Lemma 2 .2 .3  t h a t  d g G °(0 ,0 ,0 ;  *) I s  bounded 
and l i n e a r .  S ince  BC(R^) i s  a Banach sp a c e ,  i t  i s  w e l l  known [14; p . 180] 
t h a t  (d g G °(0 ,0 ,0 ;  • ) )  ^ e x i s t s  and i s  a  bounded l i n e a r  o p e ra to r  on
BC(R*^). T h e re fo re ,  d^G°( 0 ,0 ,0 ;  •) i s  a  l i n e a r  homeomorphism of BC(R^)
onto  BC(R^) .
THEOREM 2 . 2 .3 .  L e t  th e  h ypo theses  o f  Lemma 2 .2 .4  be  s a t i s f i e d .
Then th e re  e x i s t  open b a l l s  B ( ( 0 ,0 ) , r ^ ) C  BC(R ) x B(0,q^) and B(0 , r 2) C 
BC(R ) and £  f u n c t i o n  F : B ( (0 ,0 )  , r ^ )  BfO/Tg) w i th  th e  fo l lo w in g  
p r o p e r t i e s  ;
( i )  th e  p o in t  ( ( f , c ) ,  F ° ( f , c ) >  e  B ( ( 0 ,0 ) , r ^ )  x B(0 , r 2) i s  £  
s o l u t i o n  o f  G (f  , c , x )  = 0 f o r  each ( f  , c )  € B ((0 ,0 )  , r ^ ) , and 
th e r e  i s  no o th e r  s o l u t i o n  w ith  th e  same ( f . c )  i n
( i i )  th e  p a r t i a l  d i f f e r e n t i a l  d j G ° ( f , c , F ° ( f , c ) ; •) i s  i n v e r t i b l e  
f o r  each  ( f , c )  € B ( ( 0 , 0 ) , r ^ ) ;
( i l l )  F° i s  c o n t in u o u s ly  d i f f e r e n t i a b l e  on B ( ( 0 , 0 ) , r ^ ) .
The p ro o f  i s  im m ediate  f o r  we observe  t h a t  G°(0 ,0 ,0 )  = 0 and th a t
the  h y po theses  o f  th e  i m p l i c i t  f u n c t io n  theorem o f  H ild e b ra n d t  and 
Graves [ 8 ; p .  150] a r e  s a t i s f i e d .
THEOREM 2 . 2 . 4 .  Assume t h a t  th e  hypo theses  of Theorem 2 .2 .3  a re
O y. ^
s a t i s f i e d  and t h a t  F : B ( ( 0 ,0 ) , r ^ )  •> B(0 , r 2) i s  th e  co rrespond ing
A A
i m p l i c i t  f u n c t i o n . A l s o , suppose ( f , c )  € B ( ( 0 ,0 ) , r ^ )  and x  € B(0 , r 2) 
s a t i s f y  x = F ° ( f , c ) .  Then,
(2 .2 .6 )  d F ° ( f , c , ;  * ,X ) ( t )  = * ( t )  + j ^ ^ ° ( t , s , c ) * ( s ) d s
+ ( / Q k ( t , s ) h ^ ( s ,x ( s ) , c ) d s ) X  
+ ( / Q r ° ( t , s , c ) [ / ^ k ( s , u ) h ^ ( u , x ( u ) , c ) d u ] d s ) X
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where r ° ( t . s . c )  i s  th e  k e r n e l  r e c i p r o c a l  to  k ( t , s ) h ^ ( s , x ( s )  , c ) . Con­
s e q u e n t l y . d F ° ( f , c ;  (ji,X) i s  t h e  s o l u t i o n  o f  the v a r i a t i o n a l  eq u a t io n
( 2 .2 . 7 )  Ç ( t )  = (|) ( t )  + / Q k ( t , s ) h ^ ( s , x ( s )  ,c)dsX
+ / Q k ( t , s ) h ^ ( s , x ( s ) , c ) Ç ( s ) d s .
By Lemma 2 . 2 . 4 ,  (dgG^CfxC,*; • ) )  ^ e x i s t s  and i s  a bounded l i n e a r  
t r a n s f o r m a t io n  onBC(R^) .  I f  d2G ° ( f , c , x ;  %) = then
Ç ( t )  = -(j)(t)  + / Q k ( t , s ) h ^ ( s , x ( s ) , c ) Ç ( s ) d s .
The s o l u t i o n  o f  t h i s  l i n e a r  e q u a t io n  i s
Ç ( t )  = - * ( t )  -  / g r ° ( t , s , c ) * ( s ) d s ,
s o
(d g G ° ( f , c , x ;  • ) )  ^X*)(C) = - ( * ( t )  + / Q r ° ( t , s , c ) * ( s ) d s ) .
Using th e  c h a in  r u l e ,  we o b t a i n
( 2 .2 .8 )  d F ° ( f , c ;  * , X ) ( t )  = [ - ( d 2G ° ( f , c , x ;  O ) " ^ ’ ( d ^ G ° ( f , c ,x ;  •) +
d 2G ° ( f , c , x ;  ' ) ) ] ( * , X ) ( t )
= [ - ( d g G ° ( f , c , x ;  •))  ^ ( d ^ G ° ( f , c , x ;  (p) + 
d2G ° ( f , c ,x ;  X ) ) ] ( t )
= [ - ( d 2 G ° ( f , c , x ;  •))  (̂4> +
/ Q k ( * , s ) h ^ ( s , x ( s ) , c ) d s X ) ] ( t )
= * (c )  + / Q r ° ( t , s , c ) K s ) d s
+ [ / Q k ( t , s ) h ^ ( s , x ( s ) , c ) d s ] X  
+ I / J r ° ( t , s , c )
( /® k ( s ,u )h ^ (u ,x (u )  ,c )du)ds]X .
S ince  t h e  r i g h t  hand s i d e  of  ( 2 .2 . 8 )  i s  t h e  s o l u t i o n  o f  ( 2 . 2 . 7 ) ,  
t h e  r e s u l t  f o l l o w s .
S ince  F° i s  d i f f e r e n t i a b l e  a t  ( f , c )  £ B ( ( 0 , 0 ) , r ^ ) ,  i t  f o l low s  
[9; p.  153] t h a t  the  two p a r t i a l  d i f f e r e n t i a l s  of F° a t  ( f , c )  a r e  g iven  by 
d ^ F ° ( f , c ;  * ) ( t )  = * ( t )  + /Q r° ( t , s , c )< | ) ( s )d s
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and
d^F^Cf.c ;  X ) ( t )  = / ^ k ( t , s ) h ^ ( s , x ( s ) , c ) d s X
+ / Q r ° ( t , s , c ) / ® k ( s , u ) h ^ ( u , x ( u )  ,c )dudsX.
We obse rve  t h a t  d ^ F ° ( f , c ;  4>) i s  t h e  s o l u t i o n  of  the  v a r i a t i o n a l  e q u a t io n  
Ç ( t )  = * ( t )  + / p k ( t , s ) h ^ ( s , x ( s )  , c )Ç ( s )d s  
and dgF^CfiC; X) i s  t h e  s o l u t i o n  o f
Ç ( t )  = / Q k ( t , s ) h ^ ( s , x ( s ) , c ) d s X
+ / Q k ( t , s ) h ^ ( s , x ( s ) , c ) Ç ( s ) d s .
I n  t h e  fo l l o w in g  s e c t i o n s  we wish  to  supp res s  th e  dependence o f  
h  on t h e  paramete r  c.  With t h i s  i n  mind we make the  fo l l o w in g  d e f i n i t i o n s  
and h y po the ses .
L e t  g be a  f u n c t i o n  d e f in e d  on D(q) w i th  range  i n  t h a t  s a t i s f i e s  
th e  fo l lo w in g  c o n d i t i o n s :
(Aj^) g con t inuous  on D(q) and g ( t , 0 )  = 0 f o r  t  6 ;
(Ag) th e  components g^ g have con t inuous  p a r t i a l  d e r i v a t i v e s  w i th  
r e s p e c t  t o  the  components x^ ^  x  € R*̂  and th e  n x n m a t r ix  
f u n c t i o n  | [g ^ ( t . x ) [ | i s  bounded above by P f o r  ( t , x )  € D(q);
(Ag) f o r  each e > 0 , t h e r e  i s  â  6^ > 0 such t h a t  i f  ( t , x )  and ( t , y )  a r e
i n  D(q) and | | x  -  y | | <  6^ ,  th e n  | ] g ^ ( t , x )  -  g ^ ( t , y ) | |  < e .
I n  o rde r  to  f a c i l i t a t e  f u r t h e r  d i s c u s s i o n  we w i l l  l i s t  two 
more hypo theses .
(A.) L e t  k be a con t inuous  n x n  m a t r i x  f u n c t i o n  d e f in e d  on A f o r
which t h e r e  e x i s t s  an M > 0 such  t h a t
/ q I ] k ( t , s )  I ] d s ^  M f o r  t  € R^.
(Ag) Let  r ( t , s )  be th e  k e r n e l  r e c i p r o c a l  to k ( t , s ) g ^ ( s , 0 )  and suppose
t h a t  t h e r e  e x i s t s  an > 0 such  t h a t
/ q I | r ( t , s )  I | d s  (  f o r  t  € r'*’.
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Even though t h e  h y p o th e s i s  (A^) i s  a l r e a d y  i n  f o r c e  we l i s t  i t  a g a i n  so 
t h a t  i n  the  s e q u e l  we may r e f e r  t o  t h e  above hypo theses  c o l l e c t i v e l y  a s  
hypotheses  (A ) .
Let G: BC(R^) x B(0 ,q)  BC(R*") be  d e f in e d  by
( 2 . 2 . 9 )  G ( f ,x )  = f ( t )  + / Q k ( t , s ) g ( s , x ( s ) ) d s  -  x ( t ) .
Arguments s i m i l a r  to t h o s e  used  t o  e s t a b l i s h  t h a t  t h e  ra n g e  of G° i s  
i n  BC(R^) s u f f i c e  to show t h a t  t h e  range  o f  G i s  a l s o  i n  BC(R^).
THEOREM 2 . 2 . 4 .  I f  h ypo the ses  (A^) th rough  (A^) a r e  s a t i s f i e d ,
th e n  G i ^  c o n t in u o u s ly  d i f f e r e n t i a b l e  on BC(R*) x B ( 0 , q ) . F u r th e rm o re , i f
( f , x )  €  BC(R^) X B(0,q)  and (*,%) €  BC(r'*’) x  BC(r‘‘’) ,  then
( 2 .2 . 1 0 )  d G ( f ,x ;  * , g ) ( t )  = * ( t )  + / Q k ( t , s ) g ^ ( s , x ( s ) ) Ç ( s ) d s  -  Ç ( t ) .
Let h ( t , x , c )  = g ( t , x )  f o r  ( t , x )  ^ D(q) and c 6 B ( 0 , q ^ ) .  In  view 
o f  Theorem 2 . 2 . 2 ,  the  r e s u l t  f o l l o w s .
THEOREM 2 . 2 .5 .  I f  hy p o th e ses  (A) a r e  s a t i s f i e d , t h e n  t h e r e  e x i s t  
open b a l l s  B ( 0 , r ^ )  C BC(R*^) and B^O/Tg) ^ 6 ( 0 , q)  and £  f u n c t i o n  
F;  B (0 , r^ )  -> B(0 , r 2) w i t h  t h e  fo l l o w in g  p r o p e r t i e s ;
( i )  t h e  p o in t  ( f , F ( f ) )  € B ( 0 , r ^ )  x B(0 , r 2 ) i s  a  s o l u t i o n  of 
G ( f ,x )  = 0 f o r  each  f  6 B ( 0 , r ^ ) , and t h e r e  i s  no o th e r  
s o l u t i o n  w i t h  t h e  same f  i n  B(0 , r 2 ) ;
( i i )  t h e  p a r t i a l  d i f f e r e n t i a l  d2G ( f , F ( f ) ;  ») i s  i n v e r t i b l e  f o r  
each  f  Ç B ( 0 , r ^ ) ;
( i i i )  F c o n t in u o u s ly  d i f f e r e n t i a b l e  on B ( 0 , r ^ ) .
The r e s u l t  f o l l o w s  from Theorem 2 . 2 . 3  on s e t t i n g  h ( t , x , c )  = g ( t , x )  
f o r  ( t , x )  € D(q) and c €  B (0 ,q ^ ) .
THEOREM 2 . 2 .6 .  Assume hypo theses  (A) a r e  s a t i s f i e d  and l e t  
F: B (0 , r^ )  -> B^O^rg) ^  th e  i m p l i c i t  f u n c t i o n  of  Theorem 2 . 2 . 5 .  A l s o ,
suppose  th a t  ( f , x )  €: B ( 0 , r ^ )  x B(0 , r 2 ) s a t i s f i e s  x  = F ( f ) .  Then
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(2 .2 .1 1 )  d F ( f ;  (j)) “ * ( t )  + / Q r ( t , s ;  x ) * ( s ) d s ,
where r ( t . s ;  x)  i s  the  k e r n e l  r e c i p r o c a l  to k ( t . s ) g ^ ( s , x ( s ) ) . Conse­
q u e n t l y . d F ( f ;  (j)) i s  t h e  s o l u t i o n  of  t h e  v a r i a t i o n a l  e q u a t io n  
(V[«(),k,g,x]) S ( t )  = * ( t )  + / Q k ( t , s ) g ^ ( s , x ( s ) ) Ç ( s ) d s .
Once more we s e t  h ( t , x , c )  = g ( t , x )  f o r  ( t , x )  € D(q) and 
c  6 B (0 ,q^) .  In  view o f  Theorem 2 . 2 . 2 ,  ( 2 .2 .1 1 )  fo l lo w s  from ( 2 . 2 . 6 ) ,  
s i n c e  h^ = 0 .  A lso ,  i t  f o l l o w s  from ( 2 .2 . 8 )  t h a t  d F ( f ;  ÿ) s a t i s f i e s  
V [ * , k , g , x ] .
I f  f  €  B ( 0 , r ^ ) ,  Theorem 2 . 2 . 5  g u a ra n te e s  th e  e x i s t e n c e  of  
e x a c t l y  one s o l u t i o n  of
( E [ f , k , g J )  x ( t )  = f ( t )  +  / Q k ( t , s ) g ( s , x ( s ) ) d s
I n  B(0 , r 2) .  However, t h e  p o s s i b i l i t y  of  the  e x i s t e n c e  o f  s o l u t i o n s  n o t
i n  B(0 , r 2 ) r e m a in s . Consequen t ly ,  the  fo l lo w in g  theorem i s  a p p r o p r i a t e .
THEOREM 2 . 2 . 7 .  L e t  hypo theses  (A) be s a t i s f i e d . I f  f  6 B ( 0 , r ^ ) ,  
t h e n  E [ f , k , g ]  has e x a c t l y  one con t inuous  s o l u t i o n  and t h i s  s o l u t i o n  i s  
B(0 , r 2 ) .
Le t  f  be  f ix e d  i n  B ( 0 , r ^ )  and x = F ( f )  be  th e  s o l u t i o n  o f  
E [ f , k , g ]  g iv e n  by th e  i m p l i c i t  f u n c t i o n  ofTheorem 2 . 2 . 5 .  Assume y i s  
a  cont inuous  s o l u t i o n  o f  the  same eq u a t io n  and t h a t  y i s  d e f i n e d  on a 
non -d eg en e ra te  i n t e r v a l  J .  The i n t e r v a l  J  i s  c lo sed  on t h e  l e f t  w i th  
l e f t  hand end p o i n t  0 .
Suppose t h e r e  e x i s t s  a t ^  € j  w i th  y ( t ^ )  f  x ( t ^ ) .  The s e t  {t ^ J ;  
I | y ( t )  -  x ( t ) I  I > 0 } i s  bounded below by 0 s i n c e  y ( 0) = f ( 0 ) = x ( 0 ) .
S e t  t 2 = i n f  {t ^ J ;  ( | y ( t )  -  x ( t )  | [ > 0} .  L e t  t^  = sup {t e J ;  t  < 
t g  and I | y ( t )  -  x ( t ) | |  = 0}. I f  t ^  < t 2 , i t  fo l low s  from th e  d e f i n i ­
t i o n  o f  tg  t h a t  t h e r e  e x i s t s  a t e  such t h a t  | | y ( t )  -  x ( t )  11 > 0 ,
which c o n t r a d i c t s  t h e  d e f i n i t i o n  o f  t 2 . We conclude  t h a t  t ^  = t 2 * I f
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tjj > 0 , then  yCtp) = x ( t g )  because  | | y ( t )  -  x ( t ) | |  i s  con t inuous  on 
[O i tg ] ,  Note t h a t  t ^  i s  n o t  th e  r i g h t  hand end p o in t  o f  J  because  t ^  6 j  
and | | y ( t ^ )  -  x ( t ^ ) | |  > 0 .
S ince  x 6 BCO.r^) and r ^ <  q,  i t  fo l low s  t h a t  { ( t , x ( t ) ) ;
04  t <  tg} C D(q) .  As ( tQ .yCt^) )  = ( tQ .xC t^ ) )  € D(q),  t h e  r e a l  number
q -  I jyC tg ) ] I  i s  p o s i t i v e  and ,  due to  th e  c o n t i n u i t y  of  q -  | | y ( t ) | | ,
t h e r e  e x i s t s  a 0 > 0 such t h a t  [ t ^ ^ t ^  + 0] C J  and q -  | | y ( t ) | |  > 0 on 
[ t g . t g  +  0 ] .  With b = tp  + 0 ,  i t  fo l low s  t h a t  { ( t , y ( t ) ) ;  t  €  [ 0 ,b ]} C  
D(q).
The s e t  A(b) = {  ( t , s ) ;  04  s 4 t 4  b} i s  compact and so  th e re  
e x i s t s  an N > 0 such t h a t  | [ k ( t , s ) | | 4  N on A(b).  For t  € [ 0 , b ] ,  we 
have  th e  i n e q u a l i t i e s
I l y ( t )  -  x ( t ) [  I 4 / ^ ^ | k ( t , s ) | |  I | g ( s , y ( s ) )  -  g ( s , x ( s ) ) l  |ds
4 / J / J d  | k ( t , s ) |  I I l g ^ ( s , x ( s )  + a ( y ( s )  -  x ( s ) ) | |
I | y ( s )  -  x ( s )  1 I )dads  
^  P N / q I |y ( s )  -  x ( s ) I | d s  
where P i s  a  bound f o r  | | g ^ ( t , x ) I | .  I t  fo l l o w s  from G ronwal l ’s ine qua l ­
i t y  t h a t  I | y ( t )  -  x ( t ) | I  = 0 on [ 0 , b ] .  From th e  d e f i n i t i o n  o f  t ^ ,  
t h e r e  e x i s t s  a  t  € ( t g j b )  such t h a t  | | y ( t )  -  x ( t ) | |  > 0.  So,  the  a s ­
sumption of  th e  e x i s t e n c e  of  a  t  € J  such t h a t  y ( t )  5̂ x ( t )  l e a d s  to a 
c o n t r a d i c t i o n .  Hence,  x  = F ( f )  i s  th e  on ly  cont inuous  s o l u t i o n  of  
E [ f j k , g ]  and i t  i s  i n  BfO/Cg).
3.  S t a b i l i t y  and l i n e a r i z a t i o n  of  E [ f , k , g ] .  With t h e  excep tion  
o f  Theorem 2 . 3 . 2 ,  t h e  theorems o f  t h i s  and th e  nex t  s e c t i o n  a r e  gener­
a l i z a t i o n s  of  r e s u l t s  concern ing  th e  Liapunov s t a b i l i t y  of  s o l u t i o n s  of 
d i f f e r e n t i a l  e q u a t io n s  o f  the  type  x = w ( t , x ) ,  which may be  w r i t t e n  i n  
the  form x ( t )  = x^ + / Q w ( s , x ( s ) ) d s .  I n  our theorems the  above equat ion
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i s  r e p l a c e d  by E [ f , k , g ] ,  and f  p l a y s  the  r o l e  o f  t h e  i n i t i a l  v e c t o r
A common te chn ique  used  i n  s t u d y in g  p e r tu r b e d  l i n e a r  equa t ions  
o f  t h e  form x  = A ( t ) x  + w ( t , x )  i s  t o  express  th e  s o l u t i o n  of the  
eq u a t io n  i n  the  form
x ( t )  = $ ( t ) $  ^ ( 0 )xq +  / ^ ^ ( t ) $  ^ ( s ) w ( s , x ( s ) ) d s  
where $ i s  a  fundamental  m a t r i x  f o r  th e  system x  = A ( t ) x .  This i s  accom­
p l i s h e d  by th e  method of  v a r i a t i o n  o f  pa ram ete r s .  Var ious a u t h o r s  ( s ee  
[11] and [12])  have adapted  t h i s  t e c h n iq u e  t o  t h e  s tudy  of  i n t e g r a l  
eq u a t io n s  of  t h e  form
x ( t )  = f ( t )  +  / g k ( t , s ) [ x ( s )  + g ( s , x ( s ) ) ] d s .
In  ou r  work,  t h e  i m p l i c i t  f u n c t i o n  o f  Theorem 2 . 2 . 5  w i l l  p la y  a r o l e  
s i m i l a r  t o  t h e  v a r i a t i o n  of c o n s t a n t s  formula.
THEOREM 2 . 3 . 1 .  Assume t h a t  hypo theses  (A) ho ld  and l e t  
F: B (0 , r^ )  -»■ BCO.rg) be t h e  i m p l i c i t  fu n c t i o n  of  Theorem 2 . 2 . 5 .  Then , 
f o r  each e > 0 t h e r e  ^  5^ > 0  such  t h a t  i f  | | f | |  < 6^ ,  then th e  
unique s o l u t i o n  x o f  E [ f , k , g ]  s a t i s f i e s  | | x | |  < e .
Let  e > 0 be  f i x e d  and suppose  t h a t  e < r g .  The fu n c t i o n  F i s  
con t inuous  and,  as a  r e s u l t ,  F ^ ( B ( 0 , e ) )  i s  open i n  B ( 0 , r ^ ) .  Since 
0 e F ^ ( B ( 0 , e ) ) ,  t h e r e  e x i s t s  a > 0 w ith  6  ̂ < r ^  and such t h a t  
B(0 ,6^)  C F“ ^ ( B ( 0 , e ) ) .  So, i f  f  € B (0 ,6 ^ ) ,  t h e n  x  = F ( f )  € B ( 0 , e ) .
I n  t h e  language  o f  d i f f e r e n t i a l  e q u a t io n s ,  t h e  above theorem 
might  be s t a t e d  as f o l l o w s :  The ze ro  s o l u t i o n  of  E [0 ,k ,g ]  i s  s t a b l e .
The n ex t  r e s u l t  concerns  t h e  l i n e a r i z a t i o n  of  E [ f , k , g ] .
THEOREM 2 . 3 . 2 .  Assume t h a t  hypo theses  (A) ho ld  and l e t  F :
B (0 , r^ )  -»■ BCO.tg) W  the  i m p l i c i t  f u n c t i o n  o f  Theorem 2 . 2 . 5 .  L e t  x and Ç 
denote  s o l u t i o n s  of  E [ f , k , g ]  and V [* ,k , g ,0 ]  r e s p e c t i v e l y . Then, f o r  each 
e > 0 , t h e r e  e x i s t s  â  6̂  > 0 such  t h a t  i f  f and ÿ be long to  B(0 , 6^ ) ,  then
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l | x  -  5 | t  < E.
Let  e > 0 be  f i x e d .  For each  i|) €  BC(R^) t h e  s o l u t i o n  Ç o f  
V [ * , k , g , 0 ]  i s  g iv e n  by
S ( t )  = * ( t )  + / ^ ^ ( t , s ) * ( s ) d s ,  
where r ( t , s )  i s  t h e  k e r n e l  r e c i p r o c a l  to  k ( t , s ) g ^ ( s , 0 ) .  From (A^) , we
have  t h a t  / ^ ^ | r ( t , s ) |  | d s <  f o r  t  t  With 6^ = e / [ 2 ( l  + M^)],
we have  t h a t ,  i f  [ |<|>| 1 < 6^ ,  then
I U ( t ) l U  1 I + / q 1 | r ( t , s ) l  1 | | * ( s ) | | d s
< (1 + M^)| k l l  ,
and so | | g | |  < e / 2 .  The f u n c t i o n  F i s  con t inuous  and s a t i s f i e s  F(0)  = 0.  
As a  r e s u l t ,  t h e r e  e x i s t s  a  6^ > 0 ,  s a t i s f y i n g  r ^ ,  and such t h a t
i f  I I f 1 I < dg '  the n  | | x | |  < e / 2 ,  where  x  = F ( f ) .  L e t  6^ = min { 
and f  and <j> be long  t o  B(0 ,6^) ;  t h e n  | | x  -  | | x | |  + t .
We d i g r e s s  i n  o rd e r  to examine th e  r e s t r i c t i v e  n a t u r e  of  th e
h y p o t h e s i s  g ( t , 0 )  = 0 f o r  t  6 R*"̂  Le t  x°  E BC(R^) be  a s o l u t i o n  o f  the  
e q u a t i o n
( E [ f ° , k , w ] )  y ( t )  = f ° ( t )  +  / Q k ( t , s ) w ( s , y ( s ) ) d s ,
where f °  € bC(r"^), and w i s  d e f in e d  on D (x° ,q )  = { ( t , x )  ® R^ ^  t  € R^ 
and I | x  -  x ° ( t ) |  | < q} w i th  range  i n  R^. The f u n c t i o n  w ° ( t , z )  = 
w ( t , x ° ( t )  + z) -  w ( t , x ° ( t ) )  i s  d e f in e d  on D(q) = { ( t , z )  ^  R^ ^  t  t  r'*'
and I | z |  I < q} and s a t i s f i e s  w ° ( t , 0 )  = 0 f o r  t  £ R,"*".
Assume th e  ze ro  s o l u t i o n  o f  
( E [0 ,k ,w ° ] )  z ( t )  = / Q k ( t , s ) w ° ( s , z ( s ) ) d s
has t h e  fo l lo w in g  p r o p e r t y :  f o r  each e > 0 t h e r e  e x i s t s  a > 0 such
t h a t  i f  f  £ B ( 0 , d ^ ) , th e n  E [ f ,k ,w ° ]  has  a s o l u t i o n  i n  B ( 0 , e ) .
L e t  e > 0 and cor responding  d^ > 0 be  f i x e d  and suppose 
f  £ B ( f ° , 6^ ) .  Then Af = f  -  f °  £ B ( 0 , d ^ ) ,  and so a s o l u t i o n .  Ax, o f
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z ( t )  = A f ( t )  + / Q k ( t , s ) w ° ( s , z ( s ) ) d s  
e x i s t s  and s a t i s f i e s  Ax €  B ( 0 , e ) .  With x ( t )  = x ° ( t )  + A x ( t ) , we have
t h a t
x ( t )  -  x ° ( t )  = A x( t )
and s o .
= A f ( t )  + / Q k ( t , s ) w ° ( s , A x ( s ) ) d s  
= A f ( t )  + / p k C t j s )  [ w ( s , x ( s ) )  -  w ( s , x ° ( s ) ) ] d s
x ( t )  = Ax( t)  + x ° ( t )
= f ( t )  + / g k ( t , s ) w ( s , x ( s ) ) d s .
Hence,  x i s  a s o l u t i o n  o f  E{f ,k ,w]  and s i n c e  Ax €  B ( 0 , e ) ,  i t  fo l lows  
t h a t  X t  B ( x ° , e ) .
T h e re fo re ,  i f  one wishes  to examine t h e  change i n  a s o l u t i o n  of  
E [ f ° , k ,w ]  induced by a change i n  f ° ,  i t  i s  s u f f i c i e n t  t o  c o n s id e r  the  
ze ro  s o l u t i o n  o f  E [0 ,k ,w ° ] .
In  the e v en t  t h a t  w° s a t i s f i e s  t h e  same hypo theses  as  t h e  f u n c t i o n  
g i n  our p re v io u s  theorems,  i t  fo l low s  t h a t  th e  s o l u t i o n ,  Ç, of
V[Af ,k ,w ° ,0 ]  s a t i s f i e s  | | Ax -  | < e so  t h a t  Ç approx im ates  Ax when
Af i s  s m a l l .
4. S t a b i l i t y  o f  p e r tu r b e d  e q u a t i o n s . In  t h i s  s e c t i o n  we d i r e c t  
our  a t t e n t i o n  t o  p e r tu r b e d  e q u a t io n s  c o r r e s p o n d in g  to  E [ f , k , g ] .
THEOREM 2 . 4 . 1 .  Assume t h a t  h y p o th e se s  (A) ho ld  and l e t  
F;  B ( 0 , r ^ )  -+ B (0 , r2 )  ^  the  i m p l i c i t  f u n c t i o n  of  Theorem 2 . 2 . 5 .  Let  
8 ( 0 , 92) ^  BC(R^) and suppose H; B(0 ,q^)  BC(R^) s a t i s f i e s  H(0) = 0 
and I IH(u) -  H ( v ) | | < M ^ | |u  -  v | |  f o r  some > 0 and a l l  u  and v t h a t  
be long to B ( 0 , q ^ ) . ^  | |dF(0;  •)  | < 1 ,  then  f o r  each e > 0 t h e r e  i s
£  6^ > 0 such t h a t  i f  | | f  | | < 5^ ,  then  t h e  i n t e g r a l  eq u a t io n
( E [ f , k , g , H ] )  x ( t )  = f ( t )  + / Q k ( t , s ) g ( s , x ( s ) ) d s  + H ( x ) ( t )
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has  ^  s o l u t i o n  i n  B ( 0 , s ) .  F u r th e rm o re , i f  E[f  , k ,g ,H ]  has ^  un ique  
s o l u t i o n  f o r  each f  iri B ( 0 , 6 ^ ) , th e n  t h e  s o l u t i o n  x ( * , f ) , co r respond ing  
to  f , i ^  â  cont inuous  f u n c t i o n  o f  f .
Le t  e > 0 be f i x e d  and s e l e c t  > 0 so t h a t
(2 . 4 . 1 )  (e^ +  | | d F ( 0 ;  - ) |  | )M^< 1.
S ince  F i s  co n t in u o u s ly  d i f f e r e n t i a b l e  on B ( 0 , r ^ ) ,  t h e r e  i s  a  s a t i s ­
f y in g  0< 6^ <  r ^ ,  and such t h a t  i f  f  e B (0 ,5 ^ ) ,  the n  j | d F ( f ; * )  -  
dF(0 ;  o i l  < G^. A l t e r n a t e l y ,
( 2 . 4 . 2 )  | | d F ( f ;  - ) | |  < +  | | d F ( 0 ;  - ) | | .
Choose d g < min { .  I t  f o l l o w s  from th e  mean v a l u e  theorem
[9; p .  149] t h a t  i f  f  and f ’ be long  to  BCO.dg), then
( 2 . 4 . 3 )  | | F ( f )  -  F ( f ' ) | | <  (e^ + | | d F ( 0 ;  ' ) | | ) | | f  -  f ' | | .
Le t  X be a r e a l  number t h a t  s a t i s f i e s
( 2 . 4 . 4 )  (e^ +  | | d F ( 0 ;  0 |  |)M^ = 1 -  X
and n o te  t h a t  0<  X < 1.  Set
( 2 . 4 . 5 )  p = (1 -  X)d2 /M^ 
and d e f i n e  H: BCO.Xdg) x B (0 ,p )  BC(R^) by
( 2 . 4 . 6 )  H ( f , u ) ( t )  = f ( t )  + H ( u ) ( t ) .
F ix  f  6 BfOiXdg) and l e t  u €  B ( 0 , p ) ;  th e n  i t  fo l low s  from ( 2 .4 . 6 )  and 
th e  hypo theses  on H t h a t
| | H ( f , u ) ( t ) | | <  | | f ( t ) | |  + | | H ( u ) ( t )  -  H ( 0 ) ( t ) J |
< l | f | |  + I | h (u) -  H ( 0 ) | | .
S ince  f  G BCOfXdg) and u 6 B ( 0 , p ) ,  i t  fo l lo w s  from th e  hypotheses  on H 
and ( 2 .4 . 5 )  t h a t
| | f | |  + I |H(u) -  H(0) I I < I | f | |  + | u | |  < X6g + M̂ p = 5^
and t h e r e f o r e ,
( 2 . 4 . 7 )  | | H ( f , u ) | | <  gg.
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With f  € B(0,X5g) f i x e d ,  th e  composite  f u n c t i o n  F ° H (f ,* )  i s  de f ine d  
on B(0 ,p )  s i n c e  H ( f ,u )  ^ BfO.Gg) f o r  u 6 B (0 ,p ) .
We w i l l  v e r i f y  t h a t  F * H ( f ,* )  i s  a  c o n t r a c t i o n  map on B (0 ,p ) .  
Since  F(0) = 0 ,
I | F ( H ( f , u ) ) |  I = | | F ( H ( f , u ) )  -  F ( 0 ) | |  
and ,  i n  view o f  ( 2 . 4 . 3 )  and ( 2 . 4 . 7 ) ,  we have
I | F ( H ( f , u ) ) -  F ( 0 ) | | <  ( e ^ + I | d F ( 0 ;  • ) | 1) 6 2 - 
In  v iew of  ( 2 . 4 . 4 )  and ( 2 . 4 . 5 ) ,  we have t h a t
(e^ + | | d F ( 0 ; O i l  >62 = (1 -  ̂ >^2/^1  " P:
so ,  | | F ( H ( f , u ) ) | I < p f o r  each u € B ( 0 , p ) .  I t  fo l lows  t h a t  F ® H ( f , « ) :  
B(0,p)  -+ B ( 0 , p ) .  A lso ,  i f  u and v be long  to  B ( 0 , p ) ,  then ,  from ( 2 . 4 . 6 ) ,
I |H ( f , u )  -  H ( f , v ) |  I = I | h ( u )  -  H(v)|  I . By h y p o th e s i s ,  | , | h ( u )  -  H(v) |  | < 
M j ^ | | u - v | |  and s o ,  | |H ( f ,u )  -  H(f , v ) |  [ < M ^ | |u  -  v | | .  In  view of
( 2 . 4 . 3 )  and ( 2 . 4 . 4 ) ,  i t  fo l lo w s  t h a t
( 2 . 4 . 8 )  | | F ( H ( f , u ) )  -  F ( H ( f , v ) ) |  I «  (e^ + | | d F ( 0 ; O  I |)M^| |u  -  v |  |
< (1 -  X ) | | u  -  v | I .
Since 0 < 1 -  X < 1 ,  we have t h a t  F ° H(f  , 0  i s  a c o n t r a c t i o n  map on 
B ( 0 , p ) ,  and i t  fo l lo w s  from th e  Banach f i x e d  p o i n t  theorem t h a t  t h e r e  
e x i s t s  a un iq u e  x 6 B(0,p)  such t h a t  x = F ( H ( f , x ) ) .  Since H ( f , x ) ( t )  = 
f ( t )  + H ( t ) ,  t h e  above s t a t e m e n t  i s  e q u i v a l e n t  to  the  e x i s t e n c e  of  a 
s o l u t i o n  of  E [ f , k , g , H ]  i n  B ( 0 , p ) .  As p = (1 -  ^)"^2^^1 ^ f^e f i r s t  
c o n c lu s io n  f o l l o w s  on s e t t i n g  5^ = Xdg.
Now suppose  th i  s o l u t i o n s  o f  E [ f , k ,g , H ]  a r e  unique f o r  f  6 B (0 ,6 ^ ) .
This  h y p o t h e s i s  i s  n ece ss a ry  because  i t  i s  p o s s i b l e  t h a t  E [ f , k ,g ,H ]  
has s o l u t i o n s  n o t  i n  B(0,p)  even though f  € B (0 ,6 ^ ) .  As we have seen  
i n  ( 2 . 4 . 8 ) ,  | | F ( H ( f , u ) )  -  F ( H ( f , v ) ) | | <  (1 -  X ) | | u  -  v | |  f o r  each 
f  6 B (0 ,5 ^ ) ,  and hence ,  F « H: B(0,6^) x B(0 ,p)  B(0,p)  i s  a
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c o n t r a c t i o n  i n  u ,  un i fo rm ly  over f . That  i s ,  t h e  c o n t r a c t i o n  c o n s t a n t ,
1 -  X, i s  independent  o f  f .  A lso ,  i f  f  and f ’ be long  to B(0,6^)  and u e 
B ( 0 , p ) ,  t h e n  i t  fo l lows  from ( 2 .4 . 6 )  t h a t  | | H ( f , u )  -  H ( f * , u ) | |  =
11f -  f ' l 1 and consequen t ly ,  H i s  con t inuous  i n  f  f o r  each f i x e d  u .
Since  F i s  con t inuous ,  F ° H i s  con t inuous  i n  f  f o r  each f ixed  u and i t  
fo l lows  from a w e l l  known theorem [9 ;  p.  230] t h a t  x ( * , f )  = F ® H ( f , x ( * , f ) )  
i s  a con t inuous  f u n c t i o n  o f  f .
COROLLARY 2 . 4 . 1 .  Assume t h a t  hypo theses  (A) hold and l e t
F; B (0 , r_ )  B (0 , r„ )  b e  t h e  i m p l i c i t  f u n c t i o n  o f  Theorem 2 . 2 . 5 .  Suppose
1  ̂t h a t  k  ^  ^  con t inuous  f u n c t i o n  de f ine d  on A x B(0,q^) C. ^  ^ w i th
range  in  R^. Assume f u r t h e r  t h a t  s a t i s f i e s  t h e  fo l lowing  c o n d i t io n s  :
( i )  k ^ ( t , s , 0 )  = 0,  f o r  ( t , s )  € A;
( i i )  t h e r e  e x i s t s  â  p o s i t i v e  con t inuous  fu n c t io n  k ° :  A ^  R
and a r e a l  number > 0 such  t h a t  | | k ^ ( t , s , x )  -  k ^ ( t , s , y ) | |
^  k ° ( t , s ) I | x  -  y 11 and / Q k ° ( t , s ) d s  < M° for t  € R^ and 
( t , s , x )  and ( t , s , y )  A x B ( 0 ,q ^ ) .
I f  I |dF (0 ;  •)1 < 1,  then  f o r  each e > 0 t h e r e  e x i s t s  ^  5^ > 0 such
t h a t  i f  I | f I  I < 5^, th e n
( E [ f , k , g , k ^ ] )  x ( t )  = f ( t )  + / Q k ( t , s ) g ( s , x ( s ) ) d s  + / Q k ^ ( t , s , x ( s ) ) d s  
has a t  l e a s t  one s o l u t i o n  i n  B ( 0 , e ) .
With u  t  B (0 ,q ^ ) ,  d e f i n e  H: B(0 ,q^ )  -> BC(R^) by H ( u ) ( t )  =
/ Q k ^ ( t , s , u ( s ) ) d s .  S ince  k^ and u a r e  c o n t in u o u s ,  H(u) i s  a con t inuous
f u n c t i o n  o f  t .  Also,  i f  u and v be long  to  B ( 0 , q ^ ) ,  then
| | H ( u ) ( t )  -  H ( v ) ( t ) | | <  / q I | k ^ ( t , s , u ( s ) )  -  k ^ ( t , s , v ( s ) )  I |ds
< | | u  -  v | l / ^ k ® ( t , s ) d s
< M°1 |u  -  v | | .
Since  H(0) = 0,  i t  fo l low s  on r e p l a c i n g  v w i th  0 t h a t  H(u) 6 BC(R^) .
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An a p p l i c a t i o n  of  Theorem 2 . 4 . 1  e s t a b l i s h e s  t h e  r e s u l t .
LEMMA 2 . 4 . 1 .  Under the hypo theses  of  C o r o l l a r y  2 . 4 . 1 ,  the re  
e x i s t s  £  6 > 0 such t h a t  ^  f  €  B ( 0 , 6 ) ,  then  t h e  s o l u t i o n  o f  E [ f , k , g , k ^ ]  
i s  u n i q u e .
R e c a l l  t h a t  g i s  de f in e d  on D(q) and t h a t  k^ i s  d e f in e d  on
A X B ( 0 ,q ^ ) .  Let  e be a r e a l  number t h a t  s a t i s f i e s  0 <  e < m i n { q , q ^ } .
In  view of  C o r o l l a r y  2 . 4 . 1 ,  t h e r e  e x i s t s  a 6 > 0 such t h a t  i f  | | f | | <  6 ,  
th e n  E [ f , k , g , k ^ ]  has  a  s o l u t i o n ,  x,  i n  B ( 0 , e ) .
Assume t h a t  y  i s  an o th e r  s o l u t i o n  of  E [ f , k , g , k ^ ]  d e f in e d  on a
no n -d e g e n e ra te  i n t e r v a l  J .  The i n t e r v a l  J  h a s  l e f t  hand end p o in t  0
and i s  c lo s e d  on th e  l e f t .
Suppose t h e r e  e x i s t s  a t  i n  J  such  t h a t  y ( t )  # x ( t ) . As in
Theorem 2 . 2 . 7 ,  t h i s  im p l ie s  the  e x i s t e n c e  of  a t ^ e  J  such  t h a t  t^  i s
n o t  t h e  r i g h t  hand end p o i n t  of J  and y ( t )  = x ( t )  f o r  t  é [O^t^] .  A ls o ,  
i f  t ^  e J  and t^  > t ^ ,  then  t h e r e  e x i s t s  a t  €  ( t g , t ^ )  such t h a t  
y ( t )  f  x ( t ) .
S ince  ( t , x ( t ) )  € D(q) f o r  t  € and ( t , s , x ( s ) )  € A x B (0 ,q^ ) ,  
i t  fo l lo w s  t h a t  { ( t , y ( t ) ) ;  t  €: [ 0 , t Q ] } C  D(q) and { ( t , s , y ( s ) ) ;  ( t , s )  € 
A ( tg )}  C A X B ( 0 , q ^ ) .  Consequent ly,  t h e r e  a r e  p o s i t i v e  numbers and 
$ 2  such t h a t  1 0 , t ^  + g^] C J ,  [ 0 , t g  + 6^] C j  w h i l e { ( t , y ( t ) ) ;  t  t  
[CQ'Cg + C D(q) and { ( t , s , y ( s ) ) ;  ( t , s )  6 A(t^  + gg))  C  A x B (0 ,q^) .
Se t  b = tg  + min { g ^ , g 2) and n o t e  t h a t  A(b) i s  compact .  As
a r e s u l t ,  t h e r e  e x i s t  r e a l  numbers N > 0 and N° ^  0 such t h a t  
| ] k ( t , s ) l | ^  N and k ° ( t , s ) ^  N° on A(b) .  In  view o f  h y p o th e s i s  ( i i )  of  
C o ro l l a ry  2 . 4 . 1  and hypotheses  (Ag) and (A^) we have th e  fo l lowing  
i n e q u a l i t i e s  :
I | y ( t )  -  x ( t ) I  I ^  / J | | k ( t , s ) I  I I | g ( s , y ( s ) )  -  g ( s , x ( s ) ) | | d s
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+ / q 1 l k ^ ( t » s , y ( s ) )  -  k ^ ( t , s , x ( s ) ) I [ d s  
< (NP +  N°) /qI  ] y ( s )  -  x ( s ) |  | d s .
I t  fo l lows  from G ro n w a l l ' s  i n e q u a l i t y  t h a t  y ( t )  -  x ( t )  = 0 on [ 0 , b ] ,
This  c o n t r a d i c t s  th e  assumption  of  the e x i s t e n c e  of  t  €  J  such t h a t
y ( t )  4 x ( t ) ,  and hence  the  lemma i s  e s t a b l i s h e d .
COROLLARY 2 . 4 . 2 .  Le t  t h e  hypotheses  of C o r o l l a r y  2 . 4 . 1  be 
s a t i s f i e d . Then f o r  each e > 0 t h e r e  i s  a 6 > 0  such t h a t  i f  f  6  B(0,ô ) ,
then E l f , k , g , k ^ 1  has  a unique  s o l u t i o n  i n  B(0 ,e )  and the  s o l u t i o n  i s  a
cont inuous  f u n c t i o n  o f  f .
With e > 0 f i x e d ,  i t  f o l l o w s  from C o ro l l a ry  2 . 4 . 1  and Lemma 2 . 4 . 1  
t h a t  t h e r e  e x i s t s  a 6 ^ > 0 such t h a t  i f  | | f | | <  6^ ,  then  E [ f , k , g , k ^ ]  
has a unique  s o l u t i o n  i n  B ( 0 , e ) .
From Theorem 2 . 4 . 1 ,  t h e r e  i s  a dg > 0 such t h a t  i f  | | f | |  < 5^
and s o l u t i o n s  of  E [ f , k , g , k ^ ]  a r e  un ique ,  then the  s o l u t i o n  of  E [ f , k , g , k ^ ]
i s  a cont inuous  f u n c t i o n  of  f .
The r e s u l t  fo l lo w s  on s e t t i n g  6  ̂ = min { 6^ , 62}.
COROLLARY 2 . 4 . 3 .  Assume t h a t  hypotheses  (A) ho ld  and l e t
F: B (0 , r^ )  -> B(0 , r 2) ^  t h e  i m p l i c i t  f u n c t i o n  o f  Theorem 2 . 2 . 5 .  Sup-
0 • o
pose k an n X n m a t r i x  f u n c t i o n  w i th  co r respond ing  r e a l  number M ,
t h a t  s a t i s f i e s  h y p o t h e s i s  (A^) . Assume g° ^  con t inuous  f u n c t i o n
def ined  on Dfq^) = { ( t , x )  €  k"  ^  t  € R^ and | | x |  | < q^ } w i th  r an g e
in  R*̂ . Assume f u r t h e r  t h a t  g° s a t i s f i e s  the  fo l low ing  c o n d i t i o n s  :
( i )  g ° ( t , 0 ) = 0 f o r  t  € R^;
( i i )  f o r  each ç > 0 t h e r e  e x i s t s  ^  p > 0 such t h a t  i f  ( t , x )
and ( t . y )  be long to  Dtqg) w i th  [ | x | |  < n and | | y | |  < n,
the n  | | g ° ( t , x )  -  g ° ( t , y ) I U  c | | x  -  y | | .
Then, fo r  each e > 0 t h e r e  i s  a 6 > 0  such t h a t  i f  I If I I < 6 , then
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x ( t )  = f ( t )  + / g k ( t , s ) g ( s , x ( s ) ) d s  + / Q k ° ( t , s ) g ° ( s , x ( s ) ) d s  
has £  unique s o l u t i o n  i n  B( 0 , e ) .  Fu r the rm ore , the  s o l u t i o n  i s  con­
t i n u o u s  f u n c t i o n  of  f .
We w i l l  v e r i f y  t h e  hypo theses  of  C o ro l l a ry  2 . 4 . 1 .  Le t  ç° > 0 
s a t i s f y  | | d F ( 0 ;  «) | | m° ç°  < 1 ;  then  from th e  above h y p o th e s i s  ( i i ) , t h e r e  
e x i s t s  an w i t h  0 < < Qg» such t h a t  i f  ( t , x )  and ( t , y )  be long  to
DCqg) and | | x |  | < n°  and | | y |  | < ti° ,  then | | g ° ( t , x )  - g ° ( t , y ) | l <
ç ° | | x - y | | .
Since q^ ,  g° i s  d e f in e d  on D(q°) = { ( t , x )  e r”  t  €
and | | x [ |  < r,°}. Def ine by k ^ ( t , s , x )  = k ° ( t , s ) g ° ( s , x )  f o r  ( t , s , x )  6 
A X B ( 0 , q ° ) .  Then k^ s a t i s f i e s  the  c o n d i t i o n s :
(a)  k ^ ( t , s , 0 )  -  k ^ ( t , s ) g ° ( s , 0 )  = 0 f o r  ( t , s )  € A;
(b) | | k ^ ( t , s , % )  -  k ^ ( t , s , y ) | | <  | | k ° ( t , s ) | |  | | g ° ( s , x )  -  g ° ( s , y ) | |
< ç ° | | k ° ( t , s ) | I  I | x  -  y | I , 
fo r  a l l  ( t , s , x )  and ( t , s , y )  t h a t  be long  to  A x B ( 0 , n ° ) .
A lso ,  / qÇ ° | | k ° ( t , s ) I | d s $ ç°M° f o r  t  € R^.
In  view o f  C o r o l l a r y  2 . 4 . 2 ,  the  r e s u l t  fo l l o w s .
COROLLARY 2 . 4 . 4 .  Assume t h a t  hypotheses  (A) ho ld  and l e t
F: B ( 0 , r^ )  B (0 , r2 )  ^  the  i m p l i c i t  f u n c t i o n  o f  Theorem 2 . 2 . 5 .  Sup-
O +pose k a con t inuous  n x n m a t r ix  f u n c t i o n  d e f in e d  on R x R t h a t
s a t i s f i e s  the  fo l low ing  c o n d i t i o n s  :
( i )  t h e r e  e x i s t s  an M° > 0 such t h a t  f°  ̂\ | k ° ( t , s )  | |d s  < f o r
*4"t e a ;
( i i )  for  each n > 0 and T > 0, t h e r e  e x i s t s  ^  ç > 0 such t h a t
AC and t '  be long t o  [0,T] and | t  -  t ' |  < Ç, then
y j | | k ° ( c , s )  -  k ° ( t ' , s ) I | d s  < n.
I f  j |dF(0 ;  •) I 1,  the n  f o r  each e > 0 t h e r e  i s  £  6 > 0  such t h a t
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I f  1 I f 1 I < 6 , th e n  th e r e  e x i s t s  a t  l e a s t  one s o l u t i o n  of
x ( t )  = f ( t )  + / g k ( t , s ) g ( s , x ( s ) ) d s  + / Q k ° ( t , s ) x ( s ) d s
i n  B ( 0 , e ) .
D efine  H: EC(R^) BC(R^) by H(u) ( t )  = / Q k ° ( t , s ) u ( s ) d s .  We
w i l l  v e r i f y  t h a t  H(u) 6 BC(R^) whenever u € BC(R*^). Le t  n > 0,  u e BC(R*'), 
and tg  € b e  f i x e d .  Set  T = t ^  + 1 and choose ç > 0 so t h a t  i f  
t  e [0,T] and | t  -  t^j < ç ,  then
/ g l  | k ° ( t , s )  -  k ° ( t Q , s ) |  | d s <  n / ( l  + | | u | | ) .
Then,
I | H ( u ) ( t )  -  H(u)( tQ)l  I ^ / * | | k ° ( t , s )  -  k ° ( t g , s ) | I | | u ( s ) | | d s
< I I ul 1/” 1 | k ° ( t , s )  -  k ° ( t Q , s ) l  Ids ,
and so | | H ( u ) ( t )  -  H (u ) ( t ^ )  | | < | | u | | / ( 1  +  ] | u| | ) < Since t ^  i s
+ + 
a r b i t r a r y  i n  R , i t  fo l lows  t h a t  H(u) i s  a  con t inuous  fu n c t i o n  on R .
4-
I f  u and V be long to BC(R ) ,  th e n ,
I I H(u) ( t )  -  H(v) ( t ) |  I < /q I  I k ° ( t , s ) |  I I | u ( s )  -  v ( s ) |  | d s
^  M°| | u  -  v |  1 .
C onsequen t ly ,  | | H(u) -  H(v)|  | ^ M°| | u  -  vj | . S ince  H(0) = 0 ,  we may 
s e t  V = 0 and conc lude  t h a t  H(u) € BC(R*^).
In  c o n c l u s i o n ,  obse rve  t h a t  we have  v e r i f i e d  those hypotheses  of  
Theorem 2 . 4 . 1  which g u a ra n t e e  t h e  e x i s t e n c e  o f  a s o l u t i o n  of E [ f , k ,g , H ]  
i n  B(0 ,e )  whenever | | f | |  < 6^ .
Theorem 2 . 4 . 1 ,  C o ro l l a ry  2 . 4 .2  and C o ro l l a ry  2 .4 .4  a r e  s i m i l a r  to 
theorems e s t a b l i s h e d  by Corduneanu [6 ] .  The p r i n c i p a l  d i f f e r e n c e  i s  
t h a t  our  r e s u l t s  p e r t a i n  to p e r t u r b a t i o n s  of  n o n l i n e a r  systems w h i l e  
Corduneanu c on f ine d  h i s  a t t e n t i o n  to p e r tu rb e d  l i n e a r  systems.
The h y p o th e ses  p laced  on the  f u n c t i o n  g° i n  C o ro l l a ry  2 . 4 . 3  a r e  
s i m i l a r  to th o s e  found i n  M i l l e r ,  Nohel and Wong [11] .
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For com ple teness ,  we s t a t e  a v e r s i o n  of t h e  Schauder-Tychonoff  
Fixed P o i n t  Theorem t h a t  w i l l  be used i n  the  s e q u e l .  This form of  the  
theorem may be found i n  [4; p .  9 ] .
SCHAUDER-TYCHONOFF THEOREM. ^  C(r’*',r” ) deno te  t h e  s e t  of  
cont inuous f u n c t i o n s  on R*̂  w i th  range  i n  R^. L e t  S ^  the  s u b s e t  of  
C(r"*",R*̂ ) t h a t  c o n s i s t s  of th o s e  f u n c t i o n s  x such t h a t  | | x ( t ) [ |  ^ y ( t )  
for  t  fe R , where y £  f i x e d  p o s i t i v e  continuous  f u n c t i o n  d e f in e d  
on r"*", Let  T ^  £  mapping of  S i n t o  i t s e l f  with  t h e  fo l lo w in g  p r o p e r ­
t i e s  ;
( i )  T i £  c o n t in u o u s , i n  the  sen se  t h a t  i f  (x^)  j £  £  sequence
i n  S and x ^  x un i fo rm ly  on every compact  s u b i n t e r v a l  of  
*4*R , then  T (x^) ->• x  un i formly  on every  compact sub i n t e r v a l
o f  R+;
( i i )  the  fu n c t io n s  in  the image s e t  T(S) a r e  equ icon t inuous  and 
bounded a t  every p o in t  o f  R .
Then T has  a t  l e a s t  one f ixed  p o i n t  i n  S.
LEMMA 2 . 4 . 2 .  Assume hypotheses  (A) hold and l e t  F; B (0 , r^ )  -» 
BfO.rg) ^  t h e  i m p l i c i t  f u n c t io n  of  Theorem 2 . 2 . 5 .  Suppose ( f^ )  l £  £
sequence i n  B ( 0 , r ) ( 0  < r  < r^^) t h a t  converges to  f  un i fo rm ly  on each
compact s u b i n t e r v a l  of  R . Then, F ( f ^ )  converges t o  F ( f )  un i fo rm ly  on
each compact s u b i n t e r v a l  of  R^.
I t  i s  c l e a r  t h a t  i f  f ^  f  un i formly  on each compact s u b i n t e r v a l
of R^, then  f  € B (0 , r )  C  B ( 0 , r ^ ) .
With X “ F ( f ) ,  x  = F ( f  ) and e > 0 f i x e d ,  l e t  J  be a compactin m
•f
s u b i n t e r v a l  o f  R , There e x i s t s  a  T > 0 such t h a t  J  C [0 ,T ] .  I t
fol lows from the  compactness o f  4(T) t h a t  the re  i s  a  p o s i t i v e  r e a l  number
K such t h a t  | | k ( t , s ) | |  < K on 6 (T) .  Since f  un i fo rm ly  on [ 0 ,T ] ,
39
t h e r e  i s  a p o s i t i v e  i n t e g e r  N such t h a t  i f  m > N, then
| | f ^ ( t )  -  f ( t ) [ | <  e exp(-KPT)/2 
where P i s  an upper bound f o r  | | g ^ j |  on D(q) .  Taking n o te  o f  th e  f a c t  
t h a t  g i s  L i p s c h i t z i a n  in  x w i th  L i p s c h i t z  c o n s t a n t  P,  we have  t h a t  
| | x ^ ( t )  -  x ( t ) | | 3  -  f ( t ) l l
+ / q I | k ( t , s ) I  I I | g ( s , x ^ ( s ) )  -  g ( s , x ( s ) ) I | d s
^ e exp(-KPT) + K P / J ] | x ^ ( s )  -  x ( s ) | | d s
f o r  m > N and t  € [ 0 ,T ] .  An a p p l i c a t i o n  o f  G ro n w a l l ' s  i n e q u a l i t y  y i e l d s  
| | x ^ ( t )  -• x ( t ) | | ^  E exp(-KPT)exp(KPT)/2 < e ,
and so F ( f  ) F ( f )  un iformly  on [0 ,T ] .  T h e r e f o r e , F ( f  ) F ( f )  un i fo rm ly  m m
+
on J .  S in c e  J  i s  an a r b i t r a r y  compact s u b i n t e r v a l  of R , t h e  r e s u l t  
f o l l o w s .
THEOREM 2 . 4 . 2 .  Assume t h a t  h ypo the se s  (A) h o ld  and l e t  
F: B ( 0 , r ^ )  -> BCOjr^) be  ̂ the  i m p l i c i t  f u n c t i o n  o f  Theorem 2 . 2 . 5 .  L e t
Y° — p o s i t i v e  number and suppose H°: B (0 ,y° )  -> BC(R*^) s a t i s f i e s
I |H°(u) I  I ̂  M°I Iu | I  f o r  some M° and a l l  u t  B ( 0 , y ° ) . Suppose f u r t h e r
O O ^t h a t  i f  0 < r  < y , then  the  fu n c t i o n s  i n  H ( B ( 0 , r )  ) a r e  eq u ic o n t in u o u s
+ —  ̂
a t  each t  ^ R ; and i f  (u^) £  sequence i n  B ( 0 , r )  such  t h a t  u^ u
un i fo rm ly  on each compact s u b i n t e r v a l  o f  R^, then  H°(u ) -*■ H°(u)_ _ _ _ _ _ _ _ _  —    jjj
un ifo rm ly  on each compact s u b i n t e r v a l  o f  R^.
I f  I IdF(0;  «) I I < 1 ,  t h e n  f o r  each  e > 0 t h e r e  e x i s t s  £  6^ > 0
such t h a t  i f  f  c. B(0,d ) ,  then
( E [ f , k , g , H ° ] ) x ( t )  = f ( t )  + / Q k ( t , s ) g ( s , x ( s ) ) d s  + H ° ( x ) ( t )
has  a t  l e a s t  one s o l u t i o n  i n  B( 0 , e) .
L e t  E > 0 be f ix e d  and s e l e c t  e^ so th a t
( 2 . 4 . 9 )  (e^ + I |d F (0 ;  -  1 -  X
where 0 < X < 1. Since F i s  co n t in u o u s ly  d i f f e r e n t i a b l e  on B ( 0 , r ^ ) ,
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t h e r e  i s  a  6^ s a t i s f y i n g  0< 5^ < r ^ ,  and such t h a t  i f  f  € B (0 ,5 ^ ) ,  then
( 2 .4 . 1 0 )  | | d F ( f ;  ' ) | |  < + | |dF(0 ;  . ) | |  •
Choose a 62 > 0 such t h a t
(2 .4 . 1 1 )  ôg < min { .
I t  fo l lows  from t h e  mean v a l u e  theorem t h a t  i f  f  and f ' b e long  to 
8 (0 , 62)> then
( 2 .4 . 1 2 )  | | F ( f )  -  F ( f ' ) | | <  (e^  + | | d F ( 0 ;  - ) | | ) | | f  -  f ' | | .
Set
( 2 . 4 . 1 3 )  p°  = (1 -
and,  f o r  f i x e d  f  € 8 (0 , 162)» d e f i n e  H°: 8 ( 0 , p°)  -> 8C(R^) by
(2 .4 .1 4 )  H ° ( u ) ( t )  = f ( t )  + H ° ( u ) ( t ) .
I f  u € 8 (0 , p ° ) ,  then  from ( 2 . 4 . 1 1 ) ,  ( 2 . 4 . 1 3 ) ,  ( 2 . 4 . 1 4 )  and t h e  hypotheses  
on H°, i t  f o l l o w s  t h a t  [ | H ° ( u ) | |  < | | f | |  + M ° [ j u j | . However,
( | | f | |  + M ° l | u | | ) <  (X62 + M°p°) and from (2 .4 .1 3 )  i t  f o l l o w s  t h a t
(X62 + M°p°) = (X62 + (1 -  IJdg,) -  62* So, | | h ° ( u ) | |  < 62 #nd s in c e
8 ( 0 , 62) C 8 ( 0 , r ^ ) ,  the  f u n c t i o n  F o i s  w e l l  d e f i n e d .  A lso ,
I | F ( H * ^ ( u ) )  I I = I | F ( I I ° ( u ) )  -  F ( 0 ) | |  and,  on u s ing  ( 2 .4 . 1 2 )  and ( 2 ,4 . 9 )  
one o b ta in s
| |F ( H ° ( u ) )  -  F ( 0 ) | | <  (e^ + | | d F ( 0 ;  •) 1 1 )  | | h ° ( u )  | |
^ (e^ + I |dF (0 ;  - ) | | ) 6 2
(  (1 "  X)62/M°.
I t  fo l lows  from ( 2 .4 . 1 3 )  t h a t  F °  if*: 8 ( 0 , p°)  •> 8 ( 0 , p ° ) .
We w i l l  v e r i f y  th e  hypo theses  of  the  Schauder-Tychonoff  Theorem 
f o r  th e  s e t  8 ( 0 , p ° )  and th e  mapping F o H°.
C l e a r ly ,  u 6 8 ( 0 , p°)  i f  and on ly  i f  | | u ( t ) | | ^  p° .  So w i th  p ( t )  = 
p° ,  one of the  hypo theses  i s  v e r i f i e d .
Suppose (u^) i s  a sequence  i n  8 ( 0 , p°) and u^ u u n i fo rm ly  on
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compact s u b i n t e r v a l s  of  R^. Then u € B (0 ,p°)  and,  i t  f o l l o w s  from
( 2 .4 . 1 4 )  t h a t  l | H ° ( u ^ ) ( t )  -  H ° ( u ) ( t ) | |  = | | H ° ( u ^ ) ( t )  -  H ° ( u ) ( t ) | | .  Since
H°(u^) -> H°(u) u n i fo rm ly  on compact s u b i n t e r v a l s  of R^, t h e  s ta t em en t
a l s o  ho lds  f o r  H°. I t  fo l low s  from Lemma 2 . 4 . 2  t h a t  F = H°(u ) »m
“f*
F ° H (u) un i fo rm ly  on compact s u b i n t e r v a l s  of  R .
Since  F o H°: B (0 ,p ° )  -> B (0 ,p ° ) ,  t h e  f u n c t i o n s  i n  the  image
s e t  a r e  bounded a t  each p o i n t .
In  o r d e r  t o  e s t a b l i s h  t h a t  t h e  f u n c t i o n s  in  B (0 ,p ° )  a r e  equ icon -
“f"t i n u o u s  a t  each p o i n t ,  we suppose t h a t  n > 0 i s  f i x e d ,  t ^  € R , T =
Cg + 1,  u E B (0 ,p° )  and x  = F (H °(u ) ) .  The s e t  A(T) i s  compact and so 
t h e r e  e x i s t s  a  K > 0 s u c h  t h a t  | [ k ( t , s ) |  | ^  K on A(T).  I f  t  > t ^  and 
t  6 [0 ,T ] ,  th e n ,  on t a k i n g  n o t e  of t h e  r e l a t i o n
I | g ( t , s , x ( s ) ) 1 I  ̂ / J | l g ^ ( s , a x ( s ) ) I  Ida] |x(s)11 ^ P | | x | | ,  
we o b t a i n  t h e  fo l lo w in g  i n e q u a l i t i e s :
( 2 . 4 . 1 5 )  1 | x ( t )  -  x ( t p )  I 1^ I I f ( t )  -  f ( t p ) I  I
+ / Q ° | | k ( t , s )  -  k ( t Q , s ) | |  i | g ( s , x ( s ) ) I | d s  
+  f l  | | k ( t , s ) | |  I | g ( s , x ( s ) ) I | d s  
+  | | H ° ( u ) ( t )  -  H ° ( u ) ( t Q ) | |
.< | | f ( t )  -  f ( t o ) | |
+ Pp° / q°1 i k ( t , s )  - k ( t Q , s ) | | d s  
+  KPp° | t  -  tg l  + I | H ° ( u ) ( t )  -  H °(u ) ( tQ ) I  I . 
There  e x i s t s  a > 0 such t h a t  i f  | t  -  then  | | f ( t )  -  f ( t g ) | |  <
n /4 .  There e x i s t s  a ^ such t h a t  i f  [ t  -  t g |  < th e n  | | k ( t , s )  -
k ( t g , s ) |  I < n /[4(PTp° + 1 ) ] .  There i s  a > 0 such t h a t  i f  11 -  t g |  <
S g ,  then  j Î H ° ( u ) ( t )  -  H ° ( u ) ( t g ) | | <  n / 4  f o r  a l l  u  6  B ( 0 , p ° ) .  I f  S =
min + 1 )} ,  then,  in  view of  ( 2 . 4 . 1 5 ) ,  i f  11 -  tg  | < ç,
then  I | x ( t )  '  x ( t g )  lj < n» Since i; does no t  depend on u ,  t h e  f u n c t i o n s
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oi n  F o H (B(0,p ) )  a r e  equ icon t inuous  a t  each p o i n t .
A s i m i l a r  argument ho lds  i f  t < t ^ .  As the hypotheses  o f  the 
Schauder-Tychonoff  Theorem have been v e r i f i e d ,  i f  | | f | |  < Xdg; then 
E [ f , k ,g , H ° ]  has  a s o l u t i o n  i n  B (0 , p ° ) .  A lso ,  i n  view of  ( 2 .4 . 1 3 )  and
( 2 . 4 . 1 1 ) ,  p°  < e and the  theorem fo l lows  on s e t t i n g  6^ = Xdg"
COROLLARY 2 . 4 . 5 .  Assume t h a t  hypo theses  (A) hold and l e t  
F; B (0 , r^ )  -+ B ( 0 , r2 )  b e  the  i m p l i c i t  f u n c t i o n  of  Theorem 2 . 2 . 5 .  Sup­
pose k° ^  n X n m a t r i x  f u n c t i o n  w i th  co r respond ing  r e a l  number , 
t h a t  s a t i s f i e s  h y p o t h e s i s  (A^). Let  g° ^  _a con t inuous  f u n c t i o n  d e f in e d  
on D(q^) = { ( t , x )  € ^  t  £  R^ and j |x] ] < q^} w i th  r ange  i n  R^ t h a t
s a t i s f i e s  ;
( i )  g ° ( t , 0 )  = 0 f o r  t  e R^;
( i i )  f o r  each 3 > 0 t h e r e  £  y > 0 such t h a t  i f  ( t , x )  € D(q^)
and [ | x |  I < Y, then  | | g ° ( t , x ) | |  < B | | x | | .
Then f o r  each e > 0 t h e r e  i s  £  6^ > 0 such t h a t  ^ f  | | f | | <  6^,
then
x ( t )  = f ( t )  + / Q k ( t , s ) g ( s , x ( s ) ) d s  + / Q k ° ( t , s ) g ° ( s , x ( s ) ) d s  
has a t  l e a s t  one s o l u t i o n  i n  B ( 0 , e ) .
Let  3° > 0 be  such  t h a t  j |dF(0;  ») | |3 °M° < 1.  There e x i s t s  a  
Y° > 0 ,  s a t i s f y i n g  y° < q^,  and such t h a t  i f  | | x |  | < y ° ,  then  
(2 .4 . 1 6 )  I | g ° ( t , x ) I  I < 3 ° | | x | | .
Def ine  H°; B (0 ,y ° )  ->■ BC(r'^) by
H ^ ( u ) ( t )  = / g k ° ( t , s ) g ° ( s , x ( s ) ) d s .
Then
I {h“ (u) ( t )  1 1 $ 3° / q 1 l k ° ( t , s )  I I I | u ( s )  I | d s <  3 ° M ° | | u | l
and,  s i n c e  H°(u) is a con t inuous  f u n c t i o n  of  t ,  i t  fo l lows  t h a t  H°(u)6
bc(r‘‘') .
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Let  p °  be a r e a l  number t h a t  s a t i s f i e s  0 < p °  < y ° ,  and suppose
t h a t  (u^) i s  a sequence  i n  B (0 ,p ° )  t h a t  converges  to  u un i fo rm ly  on
compact s u b i n t e r v a l s  o f  R^. Assume th a t  J  C  i s  a compact i n t e r v a l
and suppose T > 0 i s  such  t h a t  J  C [ 0 ,T ] . Let  K° = sup { | | k ° ( t , s ) | | ;
( t , s )  e  A(T)}. Then f o r  t  6  [ 0 , T ] ,  we have
" H ° ( u ) ( t ) |  1$ / J l  | k ° ( t , s ) l  I I j g ° ( s , u ^ ( s ) )
-  g ° ( s , u ( s ) ) l  Ids
< TK° sup { I | g ° ( s , u ^ ( s ) )
-  g ° ( s , u ( s ) ) I I  ; s e  [0 ,T ]} .
S ince  g° i s  con t inuous  and u^ ->• u uni formly on [ 0 ,T ] ,  i t  f o l l o w s  t h a t
H°(u ) -y H°(u) un i fo rm ly  on [ 0 ,T ] ,  and t h e r e f o r e  on J .  Hence, H°(u ) ->■ m m
H°(u) uniformly  on compact  s u b i n t e r v a l s  of  R^.
I f  u €  B ( 0 , p ° ) ,  t ^  Ç R^ and t  > tp ( a  s i m i l a r  argument h o ld s  i f  
t  < t ^ ) , then
| | H ° ( u ) ( t )  -  H ° ( u ) ( t g ) I  I ^ / q I | k ° ( t , s )  -  k ° ( t Q , s ) I  I I | g ° ( s , u ( s ) ) | | d s
+ ! | k ° ( t , s ) | |  I | g ° ( s , u ( s ) ) | | d s .
0 ^
In view of ( 2 . 4 . 1 6 ) ,  t h e  c o n t i n u i t y  of  k and th e  boundedness o f  
/ q I I k ( t , s ) I | d s ,  we have t h a t  t h e  f u n c t io n s  i n  H(B(0 ,p°) )  a r e  equ icon­
t inuous  a t  t g .
As the  hypo theses  of  Theorem 2 .4 .2  a r e  s a t i s f i e d ,  th e  r e s u l t  
f o l l o w s .
COROLLARY 2 . 4 . 6 .  Assume t h a t  hypotheses  (A) hold  and l e t
F: B(Q,rj^) -> B(0 , r2 )  be the  i m p l i c i t  f u n c t io n  of  Theorem 2 . 2 . 5 .  Sup-
0 ^  ^  
pose t h a t  k ^  a  con t in u o u s  n x n m a tr ix  f u n c t i o n  de f ined  on R x R
and t h a t  M°‘ _is £  p o s i t i v e  r e a l  number which t o g e th e r  s a t i s f y  t h e  f o l ­
lowing c o n d i t io n s  s
( i )  , f p | | k ° ( t . s ) l  I d s ^  M° f o r  t  6
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( i i )  l im / ~ |  | k ° ( t  + h , s )  -  k ° ( t , s )  j |d s  = 0 f o r  t  é r'*’. 
h 4- 0
Let  g° s a t i s f y  t h e  hypotheses  of C o ro l l a ry  2 . 4 . 5 .
Then f o r  each e  > 0  t h e r e  i s  a  6 > 0  such t h a t  i f  I I f  I I < 6  ,
then
x ( t )  = f ( t )  + / Q k ( t , s ) g ( s , x ( s ) ) d s  + / ^ k ° ( t , s ) g  ( s , x ( s ) ) d s  
has a t  l e a s t  one s o l u t i o n  i n  B ( 0 , e ) .
L e t  3° > 0 s a t i s f y  | | d F ( 0 ;  ») | | < 1. There e x i s t s  a  > 0,  
s a t i s f y i n g  < q^ ,  such t h a t  i f  | | x | |  < y ° , th e n  | | g ° ( t , x ) | |  < g ° | | x | | .  
Def ine  H°; B(0 ,y°)  + BC(r'*’) by
H ° ( u ) ( t )  = / ” k ° ( t , s ) g ° ( s , u ( s ) ) d s .
Then, i f  u € B ( 0 , y ° ) ,
| | H ^ ( u ) ( t ) | | <  / ” ! |k ‘̂ ( t , s )  1 1 1 | g ° ( s , u ( s ) )  I |ds  $ B ° M ° | | u | | .  
Consequen t ly ,  H°(u) € BC(R^) and | | H ° ( u ) | | $ 3 ° M ° | | u | | .
L e t  p° be a r e a l  number s a t i s f y i n g  0 < p° < and suppose  (u^) 
i s  a sequence  in  B(0 ,p°)  t h a t  converges  to  u un i fo rm ly  on compact s u b in ­
t e r v a l s  o f  R^. I f  T i s  a p o s i t i v e  r e a l  number, t h e n ,  w i th  t  6 [ 0 ,T ] ,
11h°(u^) ( t )  -  H° (u) ( t ) I  1^ / q 1 | k ° ( t , s ) I  I I [ g ° ( s , u^ ( s ) )
-  g ° ( s , u ( s ) ) I | d s  
< M°sup { I | g ° ( s , u ^ ( s ) )
-  g ° ( s , u ( s ) ) 1 1  ; s  t  [ 0 ,T ]} .
I t  f o l l o w s  t h a t  (u^) + H°(u) u n i fo rm ly  on [ 0 , 1 ] .  As we have seen  
b e fo re ,  t h i s  i s  s u f f i c i e n t  to i n s u r e  t h a t  H°(u ) -> H°(u) u n i fo rm ly  on 
compact s u b i n t e r v a l s  of  R .
I f  u t  B (0 ,p ° )  and t^  (: R^, th e n
{ | H ° ( u ) ( t )  -  K°Cu) ( t^ )  [ I ^ B°p'’ .r” | | k ° ( t , s )  -  k ° ( t g , s )  I | d s .
By h y p o t h e s i s ,  / “ | j k ^ ( u , s )  -  k ° ( t Q , s ) | | d s  + 0 as t  + t ^  and so i t  f o l ­
lows t h a t  the  fu n c t i o n s  i n  H^(B(0 ,p^) )  a r e  equ icon t inuous  a t  each  p o i n t .
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An a p p l i c a t i o n  of  Theorem 2 . 4 . 2  y i e l d s  t h e  r e s u l t .
C o r o l l a r i e s  2 . 4 .5  and 2 .4 .6  a r e  s i m i l a r  to r e s u l t s  ob ta ined  by 
Nohel [12] .  The r e s u l t  o f  Nohel co r respond ing  to our  C o ro l l a ry  2 .4 .6  
i s  s t r i c t l y  n o n l i n e a r  i n  t h e  sense  t h a t  N o h e l ' s  hypo theses  exclude the  
case  where g ( t , x )  = x.  However, our hypo theses  admit t h e  p o s s i b i l i t y  
t h a t  g ( t , x )  = X.
5.  A n o n l i n e a r  v a r i a t i o n  of  c o n s t a n t s  f o r m u l a . In  t h i s  s e c t i o n  
we w i l l  make use o f  th e  n o t i o n s  o f  d e r i v a t i v e  and i n t e g r a l  of  a f u n c t i o n  
d e f in e d  on an i n t e r v a l  of  r e a l  numbers w i th  v a l u e s  i n  a Banach space .
A f u l l  d i s c u s s i o n  of  t h e s e  t o p i c s  may be found i n  [7; Ch. 8 ] .  Howe'^er, 
we w i l l  l i s t  th o se  d e f i n i t i o n s  and r e s u l t s  t h a t  w i l l  be used in  the  
s e q u e l .
Le t  {a ,b j  be a n o n -d eg en e ra te  compact i n t e r v a l  o f  r e a l  numbers,
and suppose t h a t  X and Y a r e  Banach s p aces .  L e t  A C X be  an open s e t
and l e t  h :  [ a ,b ]  ->■ A and H: A -»• Y be f u n c t i o n s .
For f ix e d  s ^  £  [ a , b ] ,  h 'C s^ )  i s  d e f in e d  by h 'C s ^ )  = l im
s s
[ ( h ( s )  -  h ( s Q ) ) / ( s  -  Sq)]  p rov ided  th e  l i m i t  e x i s t s .  The v e c t o r s  h ' ( a )  
and h ' ( b )  a r e  d e f in e d  by o n e - s id e d  l i m i t s .  I f  H i s  F r é c h e t  d i f f e r e n ­
t i a b l e  on A and h '  e x i s t s  on [ a , b ] , then  i t  f o l l o w s  from the  d i s c u s s i o n
i n  [7;  pp.  149, 150] t h a t  ( H o  h ) ' e x i s t s  and
( 2 .5 . 1 )  (H o h ) ' ( s )  = dH (h(s ) ;  h ' ( s ) )
fo r  each  s 6 [ a , b ] .  I t  i s  a l s o  t r u e  t h a t  i f  h '  i s  con t inuous  on [ a , b ] ,  
then
( 2 .5 . 2 )  h (b )  -  h ( a )  = / ^ h ' ( s ) d s ,
where the p reced ing  i n t e g r a l  and formula a r e  r e s p e c t i v e l y  de f ined  and 
deduced i n  [7; pp.  160, 161].
R eca l l  t h a t  E [ f , k , g ]  deno tes  the  e q u a t io n
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x ( t )  = f ( t )  + / Q k ( t , s ) g ( s , x ( s ) ) d s .
THEOREM 2 . 5 . 1 .  Assume t h a t  hypo theses  (A) hold  and l e t  
F: B (0 , r^ )  ->■ B (0 , r2 )  be t h e  i m p l i c i t  f u n c t i o n  o f  Theorem 2 . 2 .5 .  Sup­
pose t h a t  f °  and f  belong to  B ( 0 , r ^ )  and t h a t  x and y a r e  the r e s p e c t i v e  
s o l u t i o n s  of  E [ f ° , k , g ]  and E [ f , k , g ] .  Then y s a t i s f i e s
( 2 .5 . 3 )  y ( t )  = x ( t )  +  f ( t )  -  f ° ( t )
+ / ^ / Q r ( t , s , o ) ( f ( s )  -  f ° ( s ) ) d s d a  
where r ( t , s , a )  the  k e r n e l  r e c i p r o c a l  to  k ( t , s ) g ^ ( s , x ( s , a ) ) , and x ( t , a )  
i s  t h e  s o l u t i o n  o f  E[ f°  + a ( f  -  f ° )  ,k ,g ]  f o r  each a €. [ 0 , 1 ] .
Theorem 2 . 2 . 5  and Theorem 2 . 2 . 7  g u a r a n t e e  the e x i s t e n c e  of  a 
unique  s o l u t i o n ,  x = x ( t , a ) ,  i n  B (0 , r2 )  of  E [ f °  + o ( f  -  f ° ) , k , g ]  fo r  
each 0  Ç [ 0 , 1 ] .
D ef ine  X: [0 ,1]  B ( 0 , r ^ )  by
( 2 . 5 . 4 )  X(a) = f°  +  o ( f  -  f ° ) ,
and no te  t h a t
( 2 .5 . 5 )  X '(o)  = f  -  f °
f o r  each a € [ 0 , 1 ] .  A lso ,  d e f i n e  A: [ 0 , 1 ]  B(0 , r2 )  by A(o) =
(F o X )(a ) .  I t  fo l low s  from Theorem 2 . 2 . 5  t h a t  x (» ,o )  = (F ° X)(o) =
A(cr) i s  t h e  s o l u t i o n  of  E [ f °  + o ( f  -  f ° ) , k , g ]  and t h a t  F i s  c o n t in u o u s ly  
d i f f e r e n t i a b l e  on B ( 0 , r ^ ) .  Since X i s  co n t in u o u s ly  d i f f e r e n t i a b l e  on 
[ 0 , 1 ] ,  i t  fo l lows  t h a t  A i s  co n t in u o u s ly  d i f f e r e n t i a b l e  on [ 0 , 1 ] .  Also ,  
i n  view o f  ( 2 . 5 . 1 )  and Theorem 2 . 2 . 6 ,  we have
A ' (a)  = dF (X (o ) ; X ' ( o ) )
= X '(o )  + / Q r ( ' , s , o ) X ' ( o ) ( s ) d s .
Taking no te  o f  ( 2 . 5 , 2 ) ,  we o b t a i n
A(l) -  A(0) -  X( l)  -  X(0) + / J / Q r ( - , s , o ) X ' ( o ) ( s ) d s d o
o r
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(2 .5 .6 )  x ( ' , l )  -  x ( * ,0 )  = f  -  f °  + / Q / Q r ( * , s , a )  ( f ( s )  -  f ° ( s ) ) d s d a .
On e v a l u a t i n g  each s i d e  of  ( 2 . 5 . 6 )  a t  t  €  R*", we o b ta in
( 2 .5 . 7 )  x ( t , l )  -  x ( t , 0 )  = f ( t )  -  f ° ( t )  + / ^ ^ Q r ( t , s , o ) ( f ( s )  -  f ° ( s ) ) d s d a ,  
Since y ( t )  = x ( t , l )  and x ( t )  = x ( t , 0 ) ,  the  r e s u l t  i s  e s t a b l i s h e d .
COROLLARY 2 . 5 . 1 .  Assume t h a t  hy p o th e ses  (A) ho ld  and l e t  
F: B (0 , r^ )  B (0 , r2 )  ^  th e  i m p l i c i t  f u n c t i o n  of  Theorem 2 . 2 . 5 .  ^  C
i s  a s u b s e t  o f  BC(R^) and H: C B ( 0 , r ^ ) , suppose y €  C and f  6  B ( 0 , r ^ )
a r e  such t h a t  f  +  H(y) €  B ( 0 , r ^ ) . Assume f u r t h e r  t h a t  y s a t i s f i e s  
( E [ f , k , g , H ] )  y ( t )  = f ( t )  + / g k ( t , s ) g ( s , y ( s ) ) d s  + K ( y ) ( t )  
on R^. Then. Ü  x ^  the s o l u t i o n  o f  E[ f  , k , g j ,
( 2 .5 . 8 )  y ( t )  = x ( t )  f  / Q / Q r ( t , s , a ) K ( y ) ( s ) d s d a  + H ( y ) ( t ) .
S ince  f  + H(y) ë  B ( 0 , r ^ ) ,  the  e q u a t io n
z ( t )  = f ( t )  + / Q k ( t , s ) g ( s , z ( s ) ) d s  + H ( y ) ( t ) ,
has a unique s o l u t i o n  which we w i l l  c a l l  z .  Hence,
y ( t )  - z ( t )  = / Q k ( t , s )  [ g ( s , y ( s ) )  -  g ( s , z ( s ) ) ] d s
and the  argument g iven  i n  Theorem 2 . 2 . 7 ,  concern ing  u n ique ness ,  es  t a b -
+l i s h e s  t h a t  y ( t )  = z ( t )  f o r  t  ^ R . An a p p ea l  to  Theorem 2 .5 .1  e s t a b ­
l i s h e s  th e  r e s u l t .
We w i l l  c a l l  eq u a t io n  (2 .5 .3 )  a v a r i a t i o n  of c o n s t a n t s . f o r m u l a .
We n o te  t h a t  i n  the  c a s e  g ( t , x )  -  x ,  the  d i f f e r e n c e  i n  th e  s o l u ­
t i o n s  of y ( t )  = f ( t )  4 / g k ( t , s ) y ( s ) d s  and x ( t )  = f ° ( t )  + / p k ( t , s ) x ( s ) d s  
may be computed d i r e c t l y  and i t  i s  found to  be
(2 .5 . 9 )  y ( t )  -  x ( t )  = £ ( t )  -  f ° ( t )  + / ^ r ( t , s ) ( f ( s )  -  f ° ( s ) ) d s ,  
where r ( t , s )  i s  th e  k e rn e l  r e c i p r o c a l  to  k ( t , s ) .  In t h i s  case ,  
k ( t , s ) g ^ ( t , x ( t , o ) )  = k ( t , s )  so t h a t  r ( t , s , o )  = r ( t , s ) .  I t  fo l lows  t h a t
(2 .5 . 3 )  r educes  to  ( 2 . 5 . 9 ) .
LEMMA 2 . 5 . 1  Assume t h a t  hypo theses  (A) hold and l e t  F; B ( 0 , r ^ )
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-+ BCOiTg) be the i m p l i c i t  f u n c t i o n  of  Theorem 2 . 2 . 5 .  Suppose f and f °  
be long  _ t o B ( 0 , r ^ ) ,  x ( * , o )  t h e  s o l u t i o n  of  E [ f °  + a ( f  - f ° )  , k , g ]  f o r  
each a i n  [0 , 1 ] and r ( t , s , a )  t h e  k e r n e l  r e c i p r o c a l  to 
k ( t , s ) g ^ ( s , x ( s , a ) ) .  Then, fo r  T f i x e d  i n  and ( t , s . g ) €  A(T) x [ 0 , 1 ] ,  
t h e  k e rn e l  r ( t , s , a )  i s  con t inuous  i n  ( t , s , a ) .
The map o l-> f °  + o ( f  -  f ° )  from [0 ,1 ]  to  B (0 , r^ )  is con t inuous ;  
and s in c e  F i s  c o n t in u o u s ,  x ( « , o )  = F ( f °  + o ( f  -  f ° ) )  i s  a con t inuous  
f u n c t i o n  of  a in  the  topology  o f  BC(R^).
Le t  e > 0 and ( tp,SQ,aQ) be f i x e d  i n  R and A(T) x [ 0 ,1 ]  r e s p e c ­
t i v e l y .  Then w i th  ( t , s , o )  € A(T) x [ 0 , 1 ] ,
I | k . ( t , s ) g x ( s , x ( s , a ) )  -  k ( t , s ) g ^ ( s , x ( s , O Q ) ) |  I 
4 : sup { I | k ( t , s )  I I ; ( t , s )  e  A(T)}
I | g ^ ( s , x ( s , a ) )  -  g ^ ( s ,x ( s ,O Q ) ) I  I .
From h y p o th e s i s  (A^) and Lemma 1 . 2 . 2 ,  i t  fo l low s  t h a t  the re  i s  a 5^ > 0 
such th a t  i f  | 0 -  < 6^ and a € [ 0 , 1 ] ,  then  | | r ( t , s , a )  -  r ( t , s , O Q ) | |  <
e / 2  uniformly  in  ( t , s )  on A(T).
For each f i x e d  a ,  r ( t , s , o )  i s  a con t inuous  func t ion  of ( t , s ) .
So th e r e  i s  a gg > 0* depending on (tQ,SQ,cjQ), such t h a t  | | r ( t , s , O Q )  -  
e / 2 p rov ided  | | ( t , s )  -  ( t Q , S Q ) | | <  6^ and ( t , s )  € A(T). 
I f  6^ = min f the n  i t  fo l l o w s  t h a t  i f  ( t , s , a )  € A(T) x [0 ,1 ]
and j j ( t , s , o )  -  ( tQ ,S Q ,a p ) j |  < 6^, then
| | r ( t , s , a )  -  r( tQ ,SQ,OQ) | |< :  | | r ( t , s , o )  -  r ( t , s , 0^)11
+  I | r ( t , s , O Q )  -  r ( t Q , S Q , O Q ) | I  
<  E .
The r e s u l t  i s  e s t a b l i s h e d .
COROLLARY 2 . 5 . 2 .  Under the  hypo theses  of  Theorem 2 . 5 . 1 ,  t h e  
formula  ( 2 . 5 . 3 )  may be w r i t t e n
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( 2 .5 . 1 0 )  y ( t )  = x ( t )  + f ( t )  -  f ° ( t )
+ / Q l / Q r ( t , s , a ) d o ] ( f ( s )  -  f ° ( s ) ) d s .
Le t  t  be f ix e d  in  r"*". Making use  of  Lemma 2 . 5 . 1 ,  we s e e  t h a t  the 
map, ( s , a )  h- r ( t , s , a ) ( f ( s )  -  f ° ( s ) )  from [ 0 , t ]  x [0 ,1 ]  i n t o  r" ,  i s  con­
t i n u o u s .  I t  fo l low s  from e lem en ta ry  c a l c u l u s  t h a t  
/ Q [ / Q r ( t , s , a )  ( f  (s)  -  f ° ( s ) ) d s ] d o  = / ^ [ / J r  ( t , s  ,o )da]  (f  (s)  -  f ° ( s ) ) d s ,  
and co n s eq u en t ly  equa t ion  ( 2 .5 . 1 0 )  h o ld s .
THEOREM 2 . 5 . 2 .  Assume t h a t  hypotheses  (A) ho ld  and l e t  
F; B ( 0 , r ^ )  -> B (0 , r2 )  be the  i m p l i c i t  f u n c t i o n  of  Theorem 2 . 2 . 5 .  _I£
f  e  B ( 0 , r ^ )  and x ^  the s o l u t i o n  o f  E [ f , k , g ] , then
(2 .5 . 1 1 )  x ( t )  = f ( t )  + / J [ / J r ( t , s , o ) d a ] f ( s ) d s
where r ( t , s , g )  i s  th e  ke rne l  r e c i p r o c a l  to  k ( t , s ) g ^ ( s , x ( s , a ) ) , and x ( t , a )  
i s  the  s o l u t i o n  of  E [o f ,k ,g ]  f o r  each a [ 0 , 1 ] .
F u r th e rm o re , i f  the fo l lo w in g  a d d i t i o n a l  c o n d i t i o n s  h o l d ,
( i )  l im I | f ( t ) I  I = 0 ,
t  -»- » T 1
( i i )  l im  / qI | / Q r ( t , s , a ) d a | | d s  = 0 fo r  each T > 0 ,
t  00
( i i i )  t h e r e  e x i s t s  ^  r e a l  number > 0 such t h a t
/ q 1l / Q r ( t , s , o ) d a l I d s  4 fo r  t  S R^,
then  l im  | | x ( t ) | [ = 0.
t  - >  CO
S in c e  0 i s  t h e  s o l u t i o n  of  E [ G , f , g ] ,  i t  f o l l o w s  from Theorem 2 .5 .1  
and C o r o l l a r y  2 . 5 . 2  t h a t  ( 2 .5 .1 1 )  h o ld s .
F ix  e > 0 and choose a r e a l  number T^ > 0 so t h a t  i f  t  ^  T^,  then
(2 .5 .1 2 )  | l f ( t ) l l <  max { e/3,E/(3M^)>.
S e l e c t  a r e a l  number T^ s a t i s f y i n g  T^ > T^ such t h a t  i f  t  > Tg,  then
(2 .5 .1 3 )  | / J r ( t , s , a ) d o |  Ids< e / [ 3 ( l  + | | f  | | ) ] .
Then,  w i th  t  > T„ we have t h a t
T. .
! | x ( t ) l U  | | f ( t ) | |  + / g  | | / g r ( t , s , o ) d o | |  | | f ( s ) | | d s
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+ I l / J r ( t , s , a ) d o | I  | | f ( s ) | | d s .
In view of ( 2 .5 .1 2 )  and ( 2 .5 .1 3 )  i t  fo l low s  t h a t  | | x ( t ) | |  <e  and t h e r e ­
f o r e  l im  I I x ( t ) 1 1 = 0 .
t  -V 00
COROLLARY 2 . 5 . 3 .  Assume t h a t  hypotheses  (A) ho ld  and l e t  
F: B ( 0 , r . ) B ( 0 , r . )  be th e  i m p l i c i t  f u n c t i o n  of  Theorem 2 . 2 . 5 .  I f  f
and f °  belong to  B (0 , r^ )  and x  and x° a r e  th e  r e s p e c t i v e  s o l u t i o n s  of  
E [ f , k , g ]  and E [ f ° , k , g ] , the n  l im | | x ( t )  -  x ° ( t ) | |  = 0 provided
t  -V 00
l im  | | f ( t )  -  f ° ( t ) | |  = 0 and r ( t , s , a )  s a t i s f i e s  t h e  hypo theses  of  The-
t  00
orem 2 . 5 . 2 .
I n  view of Theorem 2 . 5 . 1  and C o ro l l a ry  2 . 5 . 2 ,  we have  
x ( t )  -  x ° ( t )  = f ( t )  -  f ° ( t )  + / g ( / Q r ( t , s , o ) d o ) ( f ( s )  -  f ° ( s ) ) d s .
An a p p l i c a t i o n  of  Theorem 2 . 5 . 2  y i e l d s  the  r e s u l t .
The hypo theses  p la ced  on the  k e r n e l  / Q r ( t , s , a ) d a  a r e  s i m i l a r  to 
those  of  Nohel [ 1 2 ] ,  which c o n s id e re d  the  c a s e  o f  k e r n e l s  no t  depending 
on a .
I n  a r e c e n t  paper Brauer  [3]  e s t a b l i s h e d  a v a r i a t i o n  of c o n s t a n t s  
formula f o r  n o n l i n e a r  V o l t e r r a  i n t e g r a l  e q u a t io n s  under  d i f f e r e n t  hypoth ­
e s e s  and by e n t i r e l y  d i f f e r e n t  methods.  The c o n n e c t io n  between t h e s e  
two fo rmulas  i s  unknown to t h i s  a u t h o r .  However, our work does pe rm i t  
us to  g iv e  a fo rmal  d e r i v a t i o n  of  a v a r i a t i o n  of  c o n s t a n t s  formula  which 
Brauer [3] a t t r i b u t e s  to M i l l e r  [10] .
In  C o r o l l a r y  2 . 5 . 1 ,  l e t  g ( t , x )  = x and
H ( y ) ( t )  = / Q k ( t , s ) w ( y ( s ) ) d s  
where, w i s  a s u i t a b l y  d e f in e d  f u n c t i o n .  Then
( 2 .5 ,1 4 )  y ( t )  -  x ( t )  = / g k ( t , s ) w ( y ( s ) ) d s
+ /Q /Q r ( t , s ) / ® k ( s ,u ) w ( y ( u ) ) d u d s d a  
where r ( t , s )  i s  th e  k e rn e l  r e c i p r o c a l  to k ( t , s ) .  As i n  [5;  p .  1 2 5 ] ,  one
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may v e r i f y  t h a t
(2 .5 . 1 5 )  r ( t , s )  -  k ( t , s )  = ( t , u ) k ( u , s ) d u .
On us ing  D i r i c h l e t ’s  formula for  i n t e r c h a n g i n g  the o rd e r  of  i n t e g r a t i o n ,  
then  exchanging the  dummy v a r i a b l e s  s  and u and f i n a l l y ,  invoking
( 2 . 5 . 1 5 ) ,  the  e q u a t io n  (2 .5 .1 4 )  may be  w r i t t e n
y ( t )  -  x ( t )  = / Q k ( t , s ) w ( y ( s ) ) d s
+ / Q ( / g r ( t , u ) k ( u , s ) d u ) w ( y ( s ) ) d s
= / p r ( t , s ) w ( y ( s ) ) d s .
which i s  M i l l e r ' s  formula.
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